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Exercise 1 Estimating the signal-to-noise ratio. Consider independent observations Y1, . . . , Yn
from a normal distribution with mean µ and variance σ2.

(a) Write down the log-likelihood function ℓn(µ, σ) and derive formulae for the maximum likeli-

hood estimator, say (µ̂n, σ̂n) (notice that we are estimating the standard deviation here). Identify

also the exact distributions of these estimators.

(b) Show that

√
n

(
µ̂n − µ

σ̂n − σ

)
→d N2

((0
0

)
,

(
σ2 0

0 1
2σ

2

))
.

Briefly explain or investigate (via simulations, for example) how accurate the ensuing approxima-

tions are.

(c) Consider the parameter γ = µ/σ, sometimes called the signal-to-noise ratio or the normalised

mean. With the estimator γ̂n = µ̂n/σ̂n, show that

√
n(γ̂n − γ) →d N(0, 1 + 1

2γ
2).

(d) Let now h(x) =
√
2 log(x/

√
2 +

√
1 + 1

2x
2). Show that

√
n(h(γ̂n) − h(γ)) →d N(0, 1). The

function h is an example of what is called a variance stabilising transformation.

(e) Suppose you observe µ̂n = 3.333 and σ̂n = 0.222 from n = 50 observations. Find an approxi-

mate 90 percent confidence interval for γ based on (d).

Exercise 2 Local asymptotics and contiguity. The CLT and Lindeberg machineries yield normal

limits and hence approximations in situations where independent observations come from given

models. It is sometimes useful to extend such results to situations where observations stem from

distributions close to, but not equal to, the postulated start models. The standard
√
n speed of

convergence for the CLT and relatives leads naturally to the notion of O(1/
√
n) neighbourhoods.

Let fa,b(x) be the density of the Gamma distribution, that is

fa,b(x) =
ba

Γ(a)
xa−1 exp(−bx), x ≥ 0,

for positive parameters a, b, such that f1,b is the density of the exponential distribution with

expectation 1/b.

(a) Show that the score function of the gamma distribution is(
ua,b(x)

va,b(x)

)
=

(
log(xb)− ψ(a)

a/b− x

)
,

where ψ(z) is the digamma function, ψ(z) = Γ′(z)/Γ(z) =
∫∞
0
tz−1 log(t) exp(−t) dt/Γ(z) for

z = a+ ib with a > 0.
1
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(b) Let X1, . . . , Xn be i.i.d. exponentially distributed random variables with expectation 1/b. For

some h such that 1 + h/
√
n > 0, introduce the distributions

Qn(Bn) =

∫
Bn

n∏
i=1

f1+h/
√
n,b(xi) dx1 · · · dxn, and Pn(Bn) =

∫
Bn

n∏
i=1

f1,b(xi) dx1 · · · dxn,

defined for events Bn ⊂ Rn, and write An(h) =
∑n

i=1{log f1+h/
√
n,b(Xi)− log f1,b(Xi)}. Show that

An(h) =
h√
n

n∑
i=1

u1,b(Xi)− 1
2h

2π
2

6
+ oPn(1), as n→ ∞,

and explain what this entails about the sequences of distributions Qn and Pn.

(c) Show that(√
n(X̄n − 1/b)

An(h)

)
→d N2

(( 0

− 1
2h

2π2/6

)
,

(
1/b2 h/b

h/b h2π2/6

))
, under Pn.

where X̄n = n−1
∑n

i=1Xi.

(d) Let b̂n = 1/X̄n be the maximum likelihood estimator under the exponential model. Show that
√
n(̂bn − b) →d N(−hb, b2), under Qn.

In other words, this is the limit distribution when our exponential model has this form of local

misspecification.

Exercise 3 A continuity type theorem for m.g.f.s. Lévy’s continuity theorem says that if a sequence

of characteristic functions has a limit that is continuous in zero, then this limit is must be the

characteristic function of some random variable, and we have convergence in distribution. In this

exercise we work out something analogous for moment generating functions. We take as given

that the distribution of a random variable X is determined by the moment generating function

M(t) = E exp(tX) provided M(t) is finite in a neighbourhood of zero. A full proof of this fact is

included in the optional Exercise 6.

(a) Let X be a random variable with moment generating function M(t) on (−s, s), s > 0. Let r

be a positive number smaller than s, and show that

Pr(|X| > K) ≤ exp(−rK){M(r) +M(−r)}.

(b) Suppose that (Xn)n≥1 and X have moment generating functions (Mn)n≥1 and M , that these

are finite on some interval (−s, s), and that Mn(t) →M(t) on this interval. Show that Xn →d X.

(c) Suppose thatX1, X2, . . . have moment generating functionsM1,M2, . . . that exist on a common

interval (−s, s), and that Mn(t) → L(t) for some function L(t) that is finite on (−s, s). Show that

Xn converges in distribution to a random variable with moment generating function L.

Exercise 4 A nonnormal limit of a sum. Normally limits are normal, but not always. Here we

shall indeed work with variables with mean zero and variance one, where the sample averages have

nonnormal limits. The basic construction is as follows. Let U1, U2, . . . be i.i.d., with mean zero and

variance one, and with moment-generating function M0(s) = E exp(sUi) finite in a neighbourhood

around zero; in particular, all moments for the Ui are finite. Let independently of these J1, J2, . . .

be independent Bernoulli variables with Pr{Ji = 1} = 1/i, Pr{Ji = 0} = 1− 1/i. Then form

Zn =
1√
n

n∑
i=1

Ji
√
i Ui =

n∑
i=1

Ji
√
i/nUi.

A picture to have in mind is that most of the terms will be zero, with non-zero contributions

becoming both more rare and more big as time proceeds.
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(a) Show that there will with probability one be infinitely many Ji = 1, i.e. non-zero terms in the

Zn sum as n grows.

(b) Show that the terms Ji
√
iUi have mean zero and variance one; hence also the normalised

sample average Zn has mean zero and variance one. Find also an expression for the kurtosis

κn = EZ4
n − 3

of Zn, and show that κn → 1
2a4, where a4 = EU4

i . Compare this to what we are ‘used to’ from

the Lindeberg central limit theorem.

(c) We already know from point (b) that if Zn has a limit distribution, it can’t be normal. Working

with the moment-generating function, show that

Mn(t) = E exp(tZn) =

n∏
i=1

[
1 +

1

i
{M0(t

√
i/n)− 1}

]
,

for all t around zero for which M0(t) is finite.

(d) Here one may show that

n∏
i=1

[
1 +

1

i
{M0(t

√
i/n)− 1}

]
→ exp

{∫ 1

0

M0(t
√
x)− 1

x
dx

}
. (1)

Work first with Special Case One, where we let Ui have the simple symmetric two-point distribution

Pr{Ui = 1} = Pr{Ui = −1} = 1
2 . Find the limiting kurtosis for Zn in this case. Show that

M0(s) =
1
2e

s + 1
2e

−s = 1 + (1/2!)s2 + (1/4!)s4 + · · · ,

and use this to find an infinite-sum expression for the limit of Mn(t). Have you now proved that

Zn has a limit distribution?

(e) Then work with Special Case Two, where the Ui have a double exponential distribution, of

the form

f(u) = 1
2

√
2 exp(−

√
2|u|)

on the real line (the
√
2 factor is there to ensure variance one). Find the moment-generating

functionM0(s) for the Ui, and then the moment-generating functionM(t) for the limit distribution

of Zn.

(f) For most cases, regarding the distribution for the Ui, it is hard to learn the explicit distribution

for Zn (even in cases where there might be a clear distribution for its limit). For Special Case

Two, however, attempt to find the explicit distribution for Zn, for any given n.

(g) We do not define this question as the most important one, on this occasion, but please attempt

to prove the limit result of (1).

Exercise 5 A Markov coin. First a fair coin is flipped, then the second flip depends on the

outcome of the first flip, the third flip on the outcome of the second, and so on. More formally,

the random variable X0 is Bernoulli(1/2), while the zero-one random variables X1, X2, . . . form a

Markov chain evolving according to the transition probability matrix(
1− p0 p0
1− p1 p1

)
,

where 0 < pj < 1 for j = 0, 1. Thus Pr(Xj = 1 |X0, . . . , Xj−1) = Pr(Xj = 1 |Xj−1) almost

surely for each j, and Pr(Xj = 1 |Xj−1 = 0) = p0 and Pr(Xj = 1 |Xj−1 = 1) = p1. To

solve this exercise we need some results from Markov chain theory: Since X0, X1, X2, . . . is an
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irreducible ergodic Markov chain, the limiting probabilities π0 = limn→∞ Pr(Xn = 0 |X0 = a) and

π1 = limn→∞ Pr(Xn = 1 |X0 = a) exist and are independent of whether a = 0 or a = 1. They are

π0 = lim
n→∞

Pr(Xn = 0 |X0 = 0) = lim
n→∞

Pr(Xn = 0 |X0 = 1) =
1− p1

1 + p0 − p1
,

and

π1 = lim
n→∞

Pr(Xn = 1 |X0 = 0) = lim
n→∞

Pr(Xn = 1 |X0 = 1) =
p0

1 + p0 − p1
,

a result you can find in any book on Markov chain theory, for example Ross (2010, Theorem 4.1,

p. 215). We also state without proof that

1

n

n−1∑
i=0

(1−Xi) →p π0, and
1

n

n−1∑
i=0

Xi →p π1,

see for example Norris (1998, Theorem 1.10.2, p. 53).

(a) For each j, let Fj be the σ-algebra generated by X0, . . . , Xj . Show that

E (Xj | Fj−1) = (1−Xj−1)p0 +Xj−1p1,

almost surely, i.e., that the right hand side is a version of the conditional expectation.

(b) Define Yn,k = n−1/2(1 − Xk−1)(Xk − p0) and Zn,k = n−1/2Xk−1(Xk − p1) for k = 1, . . . , n,

and show that
n∑

k=1

(
Yn,k
Zn,k

)
→d N2

((0
0

)
,

(
π0p0(1− p0) 0

0 π1p1(1− p1)

))
.

(c) Write Na,b(k) =
∑k

j=1 I{(Xj−1, Xj) = (a, b)} for the number of transitions from a to b occur-

ring up to and including time k, and set Na,b(0) = 0. Show that the likelihood function based on

observing X0, . . . , Xn is

L(p0, p1) =
1
2

n∏
j=1

p
Xj

Xj−1
(1− pXj−1

)1−Xj = 1
2 p

N0,1(n)
0 p

N1,1(n)
1 (1− p0)

N0,0(n)(1− p1)
N1,0(n),

and find expressions for the maximum likelihood estimators, say p̂0,n and p̂1,n, of p0 and p1.

(d) We would like to say something about the uncertainty in our estimates, derive confidence

intervals, etc. Deduce from your efforts so far that

√
n

(
p̂0,n − p0
p̂1,n − p1

)
→d N2

((0
0

)
,

(
p0(1− p0)/π0 0

0 p1(1− p1)/π1

))
.

(e) Consider the estimand γ = p0/p1 and the estimator γ̂n = p̂0,n/p̂1,n. Find the limiting distri-

bution of
√
n(γ̂n − γ).

Exercise 6 Uniqueness of the moment generating function. We know (from the lectures) that

characteristic functions characterise distributions, i.e., E exp(itX) = E exp(itY ) for all t ∈ R if

and only if X ∼ Y . This exercise is, in part, about showing that moment generating functions also

characterise distributions. The moment generating function of a random variable X is

M(t) = E exp(tX),

provided the expectation is finite for all t in some open interval around zero.

(a) Suppose that the m.g.f. of X exists for t ∈ (−t0, t0). For some t ∈ (−t0, t0), the sum M(−t)+
M(t) is then clearly also finite. Use this to show that all the even absolute moments of X exists,

that is E |X|2k < ∞; then fill in the odd gaps to conclude that all absolute moments of X are

finite.

(b) The converse is not true, though. A random variable may have moments of all orders, but no

m.g.f. Show that the log-normal is a case in point.
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(c) For X as in (a) show that

MX(t) =

∞∑
k=0

tk

k!
EXk, t ∈ (−t0, t0).

From this we see that if Y is a random variable such that EY k = EXk for all k ≥ 0, then

their moment generating functions coincide. Show that the converse also holds, that is, if Y has

m.g.f. MY and MX(t) =MY (t) for all t ∈ (−t0, t0), then EY k = EXk for all k ≥ 0.

(d) Suppose that X and Y have m.g.f.s MX and MY such that MX(t) = MY (t) for t ∈ (−t0, t0)
and let φX and φY be their characteristic functions. Let φ

(k)
X (t) = E (iX)k exp(itX) be the kth

derivative of φX , with φ
(k)
Y similarly defined. Show that

φX(t+ h) = E exp(itX)

∞∑
k=0

(ih)k

k!
Xk =

∞∑
k=0

φ
(k)
X (t)

k!
hk, for h ∈ (−t0, t0),

and similarly

φY (t+ h) =

∞∑
k=0

φ
(k)
Y (t)

k!
hk, for h ∈ (−t0, t0).

Setting t = 0 in these two expressions we get

φX(h) =

∞∑
k=0

(ih)k EXk

k!
=

∞∑
k=0

(ih)k EY k

k!
= φY (h),

showing that φX(t) = φY (t) for all t ∈ (−t0, t0), and consequently φ
(k)
X (t) = φ

(k)
Y (t) for all

t ∈ (−t0, t0) and each k ≥ 1. But then, for ε > 0

φX(t0 − ε+ h) =

∞∑
k=0

φ
(k)
X (t0 − ε)

k!
hk =

∞∑
k=0

φ
(k)
Y (t0 − ε)

k!
hk = φY (t0 − ε+ h), for h ∈ (−t0, t0),

and similarly, φX(−t0 + ε+ h) = φY (−t0 + ε+ h) for h ∈ (−t0, t0); from which we conclude that

φX(t) = φY (t) for t ∈ (−2t0+ε, 2t0−ε), and since ε > 0 was arbitrary and the c.f.s are continuous

φX(t) = φY (t), for t ∈ (−2t0, 2t0).

This implies that φ
(k)
X (t) = φ

(k)
Y (t) for all k ≥ 0 and t ∈ (−2t0, 2t0), and therefore

φX(2t0−ε+h) =
∞∑
k=0

φ
(k)
X (2t0 − ε)

k!
hk =

∞∑
k=0

φ
(k)
Y (2t0 − ε)

k!
hk = φY (2t0−ε+h), for h ∈ (−t0, t0),

and similarly φX(−2t0 + ε + h) = φY (−2t0 + ε + h) for h ∈ (−t0, t0); from which we conclude

that φX(t) = φY (t) for t ∈ (−3t0, 3t0) since ε > 0 was arbitrary and c.f.s are continuous. Run this

argument once over and deduce that φX(t) = φY (t) for t ∈ (−4t0, 4t0), and so on until you have

covered the entire real line, at which point we have that φX = φY .
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