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1. COIN TOSSING

Exercise 1.1. A fair coin is tossed two times. At least one of the tosses came up heads. What is the
probability that both came up heads?

Exercise 1.2. In the morning I roll two dice to determine at what time of the day I’ll toss my fair
coin the first and the second time. Die showing 1 meaning coin flip in the time interval 13:00-13:01,
die showing 2 meaning coin flip at 14:00-14:01, and so on. The one minute interval is there in the case
that the two dice are equal, giving me time to flip the coin two times. Sometime after 18:01 you're told
that at least one of the coins, flipped sometime between 16:00 and 16:01, came up heads. What is the
probability that both came up heads?

Exercise 1.3. Helsesgster or bror (school nurse) wants to know the fraction of teenagers who have
experienced F, where E is something embarrassing, in fact so embarrassing that the teenagers might
not be honest in their ‘yes’ or ‘no’ answer when questioned about having experienced E. The school
nurse therefore sets up the following anonymisation scheme: Each teenager the school nurse samples
are to toss a coin, the outcome of which they keep to themselves. If their coin shows heads, they must
answer truthfully. If the coin shows tails, they toss the coin once more. If this second toss shows heads,
they answer ‘yes’; if it shows tails they answer ‘no’. Of 17 teenagers 4 answered yes, the remaining ones
answered no. The school nurse wants to know the true proportion of ‘yes I’ve experienced E’-teenagers
in the population.

(a) State any additional assumptions you feel you need, and provide an unbiased estimator of the true
proportion of ‘yes’-teenagers. Based on the data given to you by the school nurse, what’s your estimate
of this proportion?

(b) Explain why the school nurse ought to question more teenagers if (s)he wants a good estimate. That
is, explain why, with high probability, it is worthwhile questioning some more teenagers.

(c) Suppose that the school nurse is out of touch with the youth of today, and that the teeneagers
are, contrary to the beliefs of the school nurse, fully willing to provide her/him with an honest answer.

How much does the school nurse lose by introducing the anonymisation scheme in this situation. Hint:
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Compare the variance of the estimator you found above, with the variance of the estimator you think the
school nurse would have used had (s)he known that (s)he were dealing with honest and upright youth.

Exercise 1.4. A natural way to compare estimators is to look at the loss they incur. By ‘loss’ we
mean a non-negative function L(8,6), where 6 is the parameter of the model, and § is your estimator
(or more generally, you chosen action). We are interested in the performance of an estimator ¢ when it
is repeatedly applied. The long-term average loss of using ¢ is the risk function R(0,J), defined by

R(6,5) = Eg L(5,6).

The problem of comparing estimators is now cast as the problem of comparing their associated risk
functions, and we ought to use the estimator that minimises the risk. As this exercise will indicate, this
latter statement is not sufficiently precise to be operational.

Suppose X1, ..., X, are independent Bernoulli random variables with expectation 8. We are to estimate
0 under the squared error loss function

L(5,0) = (6 — 0)>.

(a) Find the maximum likelihood estimator of § and, for n = 10, sketch its risk function.

(b) Suppose we have some intuition about where on the unit interval the expectation 8 might be located,
close to a value 0 < 0y < 1, say. Consider the estimator

51(X) = X,,/2 + 60/2,
where X,, =n~! Yo, X;. For 6y = 1/2 and n = 10, sketch its risk function.

(c) Your task, as was Pierre-Simon Laplace’s in 1781 I believe, is to estimate the probability of giving
birth to a boy. Which of the two above estimators do you prefer, the maximum likelihood estimator or
51 with 90 = 1/2‘?

(d) Consider the estimator
Gu(X) = wn X + (1 — wn)%.
Find a function w, such that the risk function R(,d,,,) is constant.
(e) For n = 10, sketch the risk function of your estimator (that is, draw a line).
(f) Suppose you have absolutely no idea whatsoever about where in the unit interval § may be located.

Which of your three estimators of 8 do you prefer?

2. PROBABILITIES, DISTRIBUTION FUNCTIONS, AND RANDOM VARIABLES

Exercise 2.1. Consider the function

B 1-60)z, O0<z<T,
(2.1) F(z){9+(10)x, r<w<l 0<6,7<1,

and F(z) =0 for x < 0 and F(z) =1 for x > 1.

(a) Show that F' is a distribution function.

(b) Sketch how you would simulate data from F.

(c) Find the expectation and the variance of X ~ F.

(d) Find the expected sample size needed to identify 7 with probability 1.

(e) Suppose that 7 is known and that it does not equal 1/2. Propose two estimators for § and compare
their variances.



Exercise 2.2. (Pélya urn). An urn contains r red balls and b blue balls. A ball is drawn from the urn
at random, its colour is noted, and the ball is returned to the urn along with d more balls of the same
colour. This is repeated indefinitely.

(a) What’s the probability that the second ball drawn is red?
(b) What’s the probability that the k’th ball drawn is red?

(c) What’s the probability that the first ball drawn was red, given that the third ball drawn is red?

Exercise 2.3. Probability measures are continuous. If A; C Ay C --- is a sequence of events, then
(2.2) P(UX A, = lim P(A,).
n—oo

And if Ay D Ay D --- is a sequence of events, then

(2.3) PN, A,) = lim P(A,).

n—roo

Prove (2.2) and (2.3).

Exercise 2.4. Suppose that P is a finitely additive probability measure with the property that if
Ay C Ay C -+ is a sequence of events, then P(U32; A,,) = lim,, o P(A,). Show that P is countably
additive.

Exercise 2.5. Let F(x) be a distribution function. Show that F' has at most a countable number of
discontinuities, i.e., points « such that F(x) — F(z—) > 0, where F(z—) = limyq, F(x).

3. TRANSFORMATIONS OF RANDOM VARIABLES

Exercise 3.1. Let X be a standard normal random variable, and set Y = I{X > ¢} for constant c.
(a) Find the distribution of Y.

(b) Based on independent draws Y7,...,Y,, find the maximum likelihood estimator, say ¢é,, of c¢. Hint:
The maximum likelihood estimator is in this case the estimator your intuition leads you to.

(c) This exercise requires material we have yet to cover in class. Show that
P(c)(1 = ‘I’(C)))

¢(c)? ’
as n tends to infinity, where ¢(x) = (27)~ /2 exp(—22/2) is the standard normal probability density
function, and ®(z) = ffoo ¢(y)dy. Hint: Use the delta method. In other words, use the mean value
theorem; the fact that 1 — Y, = 1 —n~'3"" | Y; is consistent for ®(c); and that X, % 7, implies
9(Xn) LN g(n), when g is continuous.

Exercise 3.2. Go to the 2014 STK4011 website and do Exercises 1 and 2 (‘Transformations of random
variables’ and ‘Transformations of random vectors’) from Nils Lid Hjort’s "Exercises and Lecture Notes’
https://www.uio.no/studier/emner/matnat/math/STK4011/h14/exercises_stk401la.pdf.

Exercise 3.3. (An exercise from Nils’ lecture notes). Let X and Y be independent standard normals,
and transform to polar coordinates,

X =Rcosf, Y = Rsin§.

Find the distribution of the random length R and the random angle 0, and show that these are indepen-
dent.

Exercise 3.4. Two more exercises from Nils’ lecture notes. Do Exercise 4. Ordering exponentials, and
Exercise 5. Ratios of ordered uniforms.


https://www.uio.no/studier/emner/matnat/math/STK4011/h14/exercises_stk4011a.pdf
https://www.uio.no/studier/emner/matnat/math/STK4011/h14/exercises_stk4011a.pdf

4. MOMENT GENERATING FUNCTIONS
Exercise 4.1. Let X be a Poisson random variable with mean .
(a) Find the moment generating function My (t) of X.

(b) Let Y,, be binomial(n, p,), and assume that np, tends to A\ as n — oo. Show that the moment
generating function of Y;, tends to Mx(t)

(c) Suppose Xi,...,X,, are independent Bernoulli random variables with expectations pi n,...,Dnn-
Set Z, = >, X;. Assume that > ., p; , tends to A and that max;<, p; , tends to 0, as n — co. Show
that the moment generating function of Z,, tends to Mx (t).

Exercise 4.2. Let X be a standard normal random variable and set ¥ = exp(X).
(a) Find the distribution of Y. What’s the name of this distribution?
(b) Show that all the moments of Y exist.

(c) Show that the random variable Y does not have a moment generating function.

Exercise 4.3. Let X,, be a sequence of random variables with moment generating functions M, (t),
X be a random variable with moment generating function M (t), and suppose that P(0 < X,, < 1) =
P(0 <X <1)=1for all n. Suppose that all the moments of X,, converge to the moments of X, that is
EXF - EXF for k=1,2,.... Show that M,(t) — M(t).

5. EXPONENTIAL FAMILIES

Lemma 5.1. If 9g(x,0)/00 exists and is continuous in 0 for all x and all  in an open interval S, and
if |0g(x,0)/00] < k() for all @ € S for some integrable function k(x), and if [ g(x,0) dv(x) exists on S,
then

d 0
7 [0 we = [ oo,
Exercise 5.1. Prove Lemma 5.1. Hint: Use first the mean value theorem, then Dominated convergence.

Exercise 5.2. Let fy(z) be a density function, § € R¥, and suppose that fp(x) and dfs(x)/00; satisfy
the conditions of Lemma 5.1 for each j =1,... k.

(a) Define u;(6; z) = 0log fo(x)/06;, and show that
2

Bou;(0; X) =0, and  Bou;(6; X)w(0; X) = —F 5575
J

log fo(X).

(b) Suppose that fo(xz), § € © C RP is an exponential family in its natural parametrisation (i.e.,
w;(0) = 0; in Eq. (5.1)). Use (a) to find expressions for the expectation and variance of t;(X)j = 1,...,p.

(c) Let X be Gamma(a, b) with density b*/T'(a)x®~! exp(—bz). Show that X has an exponential family
distribution and find the expectation of log X.

(d) Consider a sequence of independent Bernoulli trials with success probability p. Let X be the
number of failures until the first success. Show that X has an exponential family distribution and find
the expectation of X.

Exercise 5.3. Let X1,..., X, be independent draws from a distribution with density fy(x) of exponen-
tial family form, that is

k
(5.1) fo(x) = h(z)c(d) exp { ij(ﬁ)tj(x)}, reX, 00,

with the sample space X not depending on 6; h(xz) and c¢(f) are non-negative functions; and the
w;(0),t;(x), 7 =1,...,k > 1, are real valued functions. We suppose that © C RP.

(a) Show that the joint distribution of X7, ..., X,, is also an exponential family.
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(b) Define t;(x) = Y"1, tj(z;) for j =1,...,k. For the discrete case, that is when fp(z) = Pp(X = x),
show that the joint distribution of #;(X),...,#x(X) is an exponential family with natural parameters
wi(0), ..., wi(0).

Exercise 5.4. Let Y7,...,Y, be independent Bernoulli trials with success probabilities p1,...,p,. These
are linked to covariates x1,...,x,, regarded as known constants, through

exp(fBo + Biz:)
14 exp(fo + frzi)’
Show that the joint distribution of X, ..., X, is an exponential family.

Di = iZl,...,?’L.

Exercise 5.5. Let Y1,...,Y, be independent N(5y + Bz, 1), where z1,...,x, are known constants.
Show that the joint distribution of Xi,..., X, is an exponential family.

Exercise 5.6. Let X1,...,X, be independent Poisson random variables with mean A. Show that the
joint distribution of X;, ¢ = 1,...,n is an exponential family, and identify f(gc) Find the conditional
distribution of X7,..., X, given {(X) = t. What’s noticable about this distribution?

Exercise 5.7. Consider the two-parameter exponential family with ¢;(z) = x and t3(z) = 22, and

h(z) =1 on {0,1,2}, and zero outside. Find its natural parameter space and its density.

Exercise 5.8. Consider the one-parameter exponential family fo(z) with h(z) = 1/2 on (0,1], zero
elsewhere, and t(z) = log z.

(a) Find its natural parameter space and its density.
(b) Find the distribution of ¥ = —log X.

(c) Let Xi,...,X, be independent draws from fy(z). Find the maximum likelihood estimator 6,, of 6
and show that it is approximately unbiased.

(d) Find the limiting distribution of \/n(6, — 6).

6. SUFFICIENCY, ANCILLIARITY AND COMPLETENESS

Exercise 6.1. Suppose T'(X) is statistic such that 6 — Py(X = z)/Py(T(X) = t) is constant for all .
Show that T'(X) is sufficient.

Exercise 6.2. Do Exercise 6.9 in Casella and Berger (2002). That is, let Xi,...,X,, be a random
sample. For each of the following distributions, find a minimal sufficient statistic for 6.

(a) fol(z) = (2n) 2 exp(—(z —6)*/2), .0 € R;

(b) fo(z) =exp(—(x —0)), x > 0,0 € R;

() fo(x) = exp(—(x —0))/{1 + exp(=(z = 0))}, x,0 € R;
(d) fox) =1/{m(1+ (z = 0)*)}, 2,0 € R;

(e) fo(x) = exp(—|z - 0[)/2, x,0 € R.

Exercise 6.3. Let Xi,..., X, be independent draws from the uniform distribution on (0,6), 6 > 0.
(a) Show that T'(X) = T'(X1, ..., X,) = max;<, X; is minimal sufficient for 6.

(b) Find a so that fmax = aT'(X) is an unbiased estimator of 6, and compute the variance of this
estimator. Hint: Start by finding the density of T'(X).

(¢) Show that the estimator Omean = 2X,, is unbiased for 8. Compare the variance of O ean With the
variance of 0 ax.

(d) Consider the class of estimators §,(X) = aT(X). Find the value of a, say ¢*, that minimises the

risk function R(6,d,) = Eg¢(aT(X) — #)2. Compare the risk functions of 8+ and Opax.
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Exercise 6.4. Let g be a positive and integrable function on (0,00). Set ¢( fa x)dz, and
define fy(z) = ¢(0)g(x) for x > 6 and zero otherwise. Suppose Xi,..., X, are 1ndependent draws from

fo(z).

(a) Show that T'(X) = min;<, X; is sufficient for 6.

(b) Show that T'(X) is minimal sufficient.

Exercise 6.5. Let g(x) be a positive integrable function on (—o0o,o0). For a < b, Set c(a,b)~! =

fabg(x) dz, and define f(, ) (x) = c(a,b)g(z) for a < x < b, and zero otherwise. If Xi,..., X, are
independent from fj(z), show that (X (1), X)) = (min;<,, X;, max;<, X;) is minimal sufficient for (a, b).

Exercise 6.6. (Lehmann and Casella (1999)) Let X7, ..., X,, be independent and identically distributed
from a continuous distribution F, that is otherwise unknown. Let T/(X) = (X(l), . ,X(n)) be the order
statistics. Show that T is sufficient.

(a) Let Uy (X) =Y i, X;, Ua(X) = Zl<z<j<nX Xj, Us(X) = >\ <icjcken XiX; Xk, and so on, with,
U,(X) =X X,. Show that U(X) = (U1(X),...,U,(X)) is sufficient.

(b) Let V(X)) = XF + .-+ XF and set V(X) = (V1(X),...,V,(X)). Show that V is sufficient.

Exercise 6.7. Let X be a single observation from N(0,6), 6 > 0. Show that both X and |X]| are
sufficient for 6.

(a) Are they both minimal sufficient?

(b) Let U be Bernoulli(1/2), and set X’ = U|X|— (1 — U)|X|. Show that X’ has the same distribution
as X.

Exercise 6.8. Let Y7,...,Y, be independent N(Bz;,1), where x1,...,x, are fixed constants not all
Z€ro.

(a) Show that the least-squares estimator 3 = S @Y/ S @7 is complete and sufficient.
(b) Show that 3 and S, (Y; — 2;5)? are independent.

Exercise 6.9. Suppose that given A, the random variables X,..., X, are independent Poisson with
mean A, while X itself stems from an exponential distribution with mean 1/6. Find a minimal sufficient
statistic for 6.

Exercise 6.10. For i = 1,...,n, let ¢; and X; be independent standard normal random variables. For

0 € (0,1), set

E:9X1‘+\/1702€1', z:l,,n
Suppose we observe the pairs (X;,Y;),1=1,...,n
(a) Find a minimal sufficient statistic for 6.

(b) Is your minimal sufficient statistic complete?
(c) Show that .7 | X2 and Y., Y;? are ancilliary, but that (3, X2,> " | ¥;?) is not.

Exercise 6.11. Let Y7,...,Y,, be independent Bernoulli random variables with success probabilites
pi = 1/{1 4+ exp(—=Bo — f1x;)}, i = 1,...,n, for fixed and known x;. Find a minimal sufficient statistic
for 0 = ([30,51).

Exercise 6.12. (Keener (2011)) Let Xi,...,X,, be independent random variables from a Beta (a,b)
distribution. Recall that the density of this distribution is

la+b) . b—1
a = ozt 1- ) 71 )
fan(z) F(a)F(b)$ (1—-2x) x € (0,1)
for positive parameters a and b. Find a minimal sufficient statistic (i) when a and b vary freely; (ii) when
a = 2b; and when (iii) a = b?.



Exercise 6.13. Let Xi,..., X, be independent N(,60?), § > 0. Find a minimal sufficient statistic for
6, and show that it is not complete. Explain why Theorem 6.2.25 in Casella and Berger (2002, p. 288)
does not apply.

Exercise 6.14. Let X1,...,X, be independent N(#,0?). Show that X,, = n=!> "  X; and S? =
(n—1)"13"" (X; — X,,)? are independent. Hint: Use Basu’s theorem.

Exercise 6.15. (Casella and Berger (2002)) Let N be a random variable taking values in {1,2,...,}
with known probabilities pi,p2,.... Given N = n, perform n independent Bernoulli trials X,..., X,
with success probabilities 6.

(a) Show that (Zivzl X;, N) is minimal sufficient and that N is ancilliary for 6
(b) Show that N~! Zfil X is unbiased for 6, and find its variance.

Exercise 6.16. (Shao (2003)) Let T" and S be two statistics such that S = g(T) for some measurable
function g. Show that

(a) If T is complete, then S is complete.
(b) If T is complete and sufficient and g is one-to-one, then S is complete and sufficient.

Exercise 6.17. Let X and Y be independent Poisson random variables with means 6 and 62, respectively.
Find a minimal sufficient statistic. Is the minimal sufficient statistic complete?

Exercise 6.18. Let Xi,..., X, be independent random variables with density,

folz) = %cxp{—(z —-0)/0}, forax>6>0,

and zero otherwise. Find a statistic that is minimal sufficient for 6. Is the minimal sufficient statistic
complete?

Exercise 6.19. Let Xi,...,X, be independent exponentials with mean 1/f. Show that X, and
max;<n X;/ min;<, X; are independent.

Exercise 6.20. Let X1,..., X, be independent uniform random variables on (a,b). Show that T'(X) =
(min;<, X;, max;<, X;) is sufficient and complete.

Exercise 6.21. Let 6 be a real-valued parameter that we are to estimate with a loss function L(4,0)
that is convex in ¢ for each 6. Let §;(X) be an unbiased estimator of § and suppose that T is a sufficient
statistic. Consider

62(X) = Ep[01(X) | T7.

(a) Explain why 02 is an estimator, and show that it is unbiased.
(b) Recall that the risk function of an estimator § is R(4,60) = Eg L(6(X), ). Show that
R(62,0) < R(61,0), for all 6.
What additional assumptions do we need for this inequality to be strict?
(c) Suppose that T is also complete. Show that R(d2,60) < R(, ) for all unbiased competitors §.

(d) Go back to Exercise 6.3(c), and explain what you found in view of the current exercise.

7. MISCELLANEOUS EXERCISES

Exercise 7.1. It’s raining at Blindern. Is it raining at Huk? The Norwegian Meteorological Institute
have pluviometers, or rain gauges, stationed both places, with daily rain measurements in milimeters
available on the website yr.no. I found the data for Blindern and Huk here and here, respectively. Here
is the rain data for Blindern and for Huk as text-files, use read.table(path,sep=";").

Denote the rain data for the n = 248 days from January 1. to September 5., 2019 by,

Blindern: Yg1,...,YBn;

Huk : YH,la"'aYH,’n'
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https://www.yr.no/
https://www.yr.no/sted/Norge/Oslo/Oslo/Oslo_(Blindern)_m\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {a\global \mathchardef \accent@spacefactor \spacefactor }\accent 23 a\egroup \spacefactor \accent@spacefactor lestasjon/detaljert_statistikk.html
https://www.yr.no/sted/Norge/Oslo/Oslo/Bygd\OT1\o y/detaljert_statistikk.html
https://www.uio.no/studier/emner/matnat/math/STK4011/data/rain_blindern2019_tom5sep.txt
https://www.uio.no/studier/emner/matnat/math/STK4011/data/rain_bygdoy2019_tom5sep.txt
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Rain in mm at Blindern. Jan 1, 2019 — Sep 5. 2019.

FicURE 1. Rainfall measured in milimeters at Blindern and Bygdgy weather stations.
Data from yr.no, extracted Sept. 5,2019.

In order to predict the weather at Huk by looking out the window at Blindern, we need a statistical
model.

(a) All you care about is whether or not it’s raining, the amount of rain does not bother you. Sketch
how you would estimate Pr(Rain at Huk | Rain at Blindern), and how you would assess the uncertainty
of this estimate. Think about what assumptions you’re making when using your chosen estimator.

(b) A little rain does not stop you. With the model

Yui=pBo+p1Yps+ei, i=1,...,n,

where the ¢; are independent mean zero random variables with variance o2

, we can, after having estimated
the parameters, say something about quantities such as E[Yy | Y = y|, Pr(Yy <y | Y = y), and so

on. Is this a good model for the phenomenon you are interested in? Why, or why not?

(c) Consider the following model. Let I, (y) = 1 —exp(—A;y), j = B, H, for y > 0 and positive param-
eter \;. As (almost) always, let ®(x) be the distribution function of the standard normal distribution,
and take

Yii=F Y (®(X;:), j=H,B,i=1,...,n,

J

XBi 0 1 p .
(XH) N((O),<p 1)), =1,

are independent. Denote 6 = (A, A\pr, p), and derive an expression for the log-likelihood function

where

n(0) =Y log f(yp.irym.ii0),

i=1

where f(yg,i,ym,i;0) is the density of (Yg,Yy).
(d) Are you comfortable with the assumptions the model in (c) is making about rain in Oslo?

(e) If you program the likelihood function you found in (b) and feed it to an optimiser such as nlm() in
R, things will go astray (the nlm()-function is a minimiser, so give it the negative log-likelihood). Why
is that? Propose a modification of the model in (c) that takes care of this problem. Hint: Fortunately,
there are sunny days.


https://www.yr.no/

Exercise 7.2. Let X and Y be random variables with EX = ¢, Var X =72, and EY =y, VarY = o2,
and correlation coefficient p. Show that

14+/1—p2
PUIX — € 2 er?} UQIY - > e0?)) < LEVIZF
€
Hint: If X and Y are mean zero random variables with unit variance, and correlation p, establish that
E max{X?2,Y?} <1+ /1 — p2. Here you may want to use that E|XY| < (EX?)/2(EY?)!/2,

Exercise 7.3. Let X be arandom variable with probability distribution P(X = z;) =p,;forj=1,...,r,
with r > 2. We define the entropy H = H(p1,...,pr—1) of this distribution by

H=-"p;log(p)),
j=1

with 0 x log(0) = 0.

(a) Show that the entropy is maximised when X is uniformly distributed over {1, ..., .}, and that it
is minimised when X takes on one value with probability one. Hint: Use Jensen’s inequality.

(b) Let Xy, ..., X, be independent Bernoulli(p) random variables, 0 < p < 1. Show that Y = >""" | X, is
Binomial(n, p). Let B,,(¢) be the set of all Bernoulli(p) sequences of length n, such that | > | X;/n—p| <
g, for some € > 0. We'll write B, () = {|Y/n — p| < €}. Show that the probability of B, (¢) tends to 1
as m — 0o.

(c) Let H(p) be the entropy associated with the Bernoulli(p) distribution. Convince yourself of the

following
Bernoulli sequenc.es of length n giving Y =y _ <n) exp{—nH(1/2)}.
All Bernoulli sequences of length n Y
Show that
[log P(Xy = 21,..., Xn = @a) + nH(p)| < en|logp(1 - p)],
when 1, ...z, is a sequence in B, (¢).

(d) Define N, () to be the number of Bernoulli(p) sequences in By, (g). We are going to show that there
is an ng such that for all n > ng,

(7.1) exp{n(H(p) —€)} < Nu(n) < exp{n(H(p) + )},

where 7 = —¢/{2logp(1 — p)}. Write X (™) for Bernoulli sequences of length n, and 2™ = (zy,...,z,)
for zero-one sequences of length n. Show that for (™ € B, (n),

P(X™ =2 < exp{—n(H(p) —e/2)}, and P(X™ =z > exp{—n(H(p) +¢/2)}.
Use these bounds to show that
Nn(n) < exp{n(H(p) +¢/2)}, and  Nn(n) = P(Bn(n)) exp{n(H(p) — £/2)}.
Combine this with what you found in (b), and derive (7.1).
Exercise 7.4. Consider the linear regression model

}/;Zﬂxz+<-l> 7;:17"'7’”7

where the x4, ..., x, are fixed covariates and the (3, ..., (, are independent means zero random variables
with E(? = 02. Show that the least squares solution 3, is
B _ Zyzl sz;
, = =i=1tt

YT
Define §2 = max;<,, 7 /{> i, #?}, and assume that §2 — 0 as n — co. Show that

n

- a?)V2(B, - B) 4 N(0,02).

=1

Hint: Check the Lindeberg condition.



8. CONVERGENCE CONCEPTS

Exercise 8.1. Let X, Xs,... be independent Bernoulli variables with success probabilities p1, po, . . ..

We shall investigate when .
Zy = 2=t X P) gy,
B'Il
where B,, = {3, pi(1—p;)}'/2. Show, using mgf’s, that this happens if and only if 3"°°  p; = co. Show
also that this condition is equivalent to B,, — oo. This means that the cases p; = 1/i and p; = 1/i?, for
example, are very different.

Exercise 8.2. Suppose X,, is Beta(1/n,1/n) and X is Bernoulli(1/2). Show that X, 4 X. What if
X, is Beta(a/n,b/n)? Hint: See Nils exercise 12.

Exercise 8.3. Suppose X,, is uniformly distributed on {1/n,2/n,...,1}. Show that X, converges in
distribution to X, where X is uniform(0,1). Does X,, = X?

Exercise 8.4. A few counterexamples.

(a) Make an example where X,, i X and Y, i Y, but X,, +Y,, does not converge in distribution to
X+Y.

(b) Make an example where X,, converges to 0 in probability, but E X, does not converge to 0.

(c) Let Z be uniform(0, 1), and set X1 = 1, Xy = Ijg.1/2)(Z), X3 = Ij1/21)(Z), X4 = Ijp1/2(2), X5 =
Iti/4,1/2)(Z), ..., and so on. Find the probability limit of X,,. Does X, converge almost surely to this
limit?

Exercise 8.5. Let X1, Xo,... be i.i.d. with density f(z) = az~ (¢t for 2 € (1, 00), and zero otherwise.
(a) For what values of a > 0 is it true that X,,/n % 0?

(b) For what values of @ > 0 and r > 0 is it true that E X /n — 07

(c) For what values of a > 0 is it true that X,,/n — 0 almost surely? Hint: Use the Borel-Cantelli
lemma.

Exercise 8.6. Let X1, ..., X,, be independent Poisson variables with density Py(X = ) = ¢ 0% /x!, 2 =
0,1,2,..., and let Z, be the proportion of zeros observed, Z, =n=!>""  I{X,; = 0}. Show that

X, —0 d 0 0 —fe—?
—N .
vn (Zn - ) o (0) ’ (—w (1 - e-9>>)
Exercise 8.7. Consider independent observations Y7, ...,Y,, from a normal distribution with expectation

w and variance o2.

(a) Write down the log-likelihood function ¢, (u, o), and derive formulae for the maximum-likelihood
estimators, say (fin,62). Identify also the exact distributions of fi,, and 62. Hint: The maximum-
likelihood estimators are the estimators solving 98¢,,(u,c)/Ou = 0 and 94, (u,0)/do = 0.

(b) Show that
) 45 () (5 )

Hint: You can show this by computing it in a straight forward manner, using tools that we covered in
class. But, if you want to, take a look at the variance of the score function (the first derivative of the
log-likelihood) and its inverse; look back at Exercise 5.2; and Taylor-expand the score function around
the true values of the parameters. We’'ll do all this on Thursday.

(c) Consider the parameter v = u /o, sometimes called the normalised mean. With 4,, = fi,,/62, show
that

Vit = 7) 5 N(0,1+42/2).
(d) Let now h(x) = v2log(z/v2 + /1 + x2/2). Show that
Vi(h(4n) = (7)) 5 N(0,1).

10



9. FINDING ESTIMATORS

Exercise 9.1. Let Xy,..., X, be independent Gamma(a,b) random variables with density
ba
(9.1 Jap)(®) = @w‘kl exp{—bz}, x>0.

(a) Write down the log-likelihood function ¢, (a, b).
(b) Suppose a is known. Find the maximum likelihood estimator by, of b. Why is it unique?

(c) Find the limiting distribution of /n(X, —a/b). Use this to find the limiting distribution of \/7n(b, —b).
Propose an approximate 95% confidence interval for b.

(d) Suppose now that both a and b are unknown. Write down the score functions wj(a,b,z) =
01og f(ap)(x)/0a and uz(a,b,r) = dlog f(ap)(x)/0b, and show that

Uy (a7 ba X)
E =0.
<u2 (a7 ba X) 0
Find also the variance matrix J(a,b) of (uy(a,b, X),uz(a,b, X)). Hint: Use what you found in Exer-
cise H.2.

(e) Explain why the maximiser (an, b,) of £, (a,b) is unique. Download the rain data for Blindern from
Exercise 7.1, and remove the days with no rain. Fit a Gamma(a,b) model to these data. Provide point
estimates and standard errors of your estimators. Here is a sketch of how to do this in R (there surely
are other ways to go about this).

path <- "https://www.uio.no/studier/emner/matnat
/math/STK4011/data/rain_blindern2019_tomb5sep.txt"

rain <- read.table(path,sep=";")

yy_full <- rain$rain_mm ;yy <- yy_full[yy_full>0] ; nn <- length(yy)

loglik <- function(params){

aa <- params[1] ; bb <- params[2]

11 <- # the log-likelihood here

return(11)}

min_loglik <- function(params){ # nlm() is a minimiser

return(-loglik(params)) }

fit <- nlm(min_loglik,c(start_aa,start_bb),hessian=TRUE) # provide start values for nlm

Exercise 9.2. Consider the model

Yi=08x;+¢e, i=1,...,n,
for independent &; ~ N(0, ¢?), and fixed constants x1,...,x,.
(a) Write down the log-likelihood function of this model.

(b) Find its score function (uq(8,0%,Y), ua(B,02%,y))", and show that > i, (u1(8,02,Y;),us(B,02,Y;))"
can be expressed in terms of a chi-square and normal random variable, and that these are independent.
Hint: The third central moment of a normal distribution is zero.

(c) Find the observed information matrix J, (3, o?).
(d) Suppose o2 is known. Derive a 95 percent confidence interval for 3. Hint: Start by identifying the
distribution of 3,,.

Exercise 9.3. Let Xi,..., X, be iid. from a distribution with density fy,(x), where 6y € © C R,
and 6y denotes the true parameter value. Let U, (0) = >, dlog fp(X;)/00. The maximum likelihood
estimator is the value 6, of 6 such that Un(én) = 0. By Taylor’s theorem, assuming it is applicable,
there exists a (random) value 6,, between 6,, and 6 such that

92 0= Us(6) = Un(B0) + Uy (60) 0 — 60) + 5V (B0 — 601"



where U/, (0) = 0U,,(0)/00 and U/ () = 90U, (0)/96%. Under what conditions do you expect this to lead
to
V0 = 00) < N(0, 1/ (60)),

with J(fy) the Fisher information matrix evaluated in the true value.

10. DECISION THEORY AND BAYES

Exercise 10.1. Let Xi,..., X, be i.i.d. Bernoulli(f). We wish to estimate 6, and we are particularly
interested in precise estimates of very small and very large values of . Therefore, we’ll work with the
loss function ( 2
o—46
L(5,0) = —~F.
(a) Compute the risk function of the maximum likelihood estimator. What’s noticeable about this risk
function?

(b) We now take a Bayesian point of view and give 6 a Beta(af’, a(1 — 6")) prior distribution. Compute
the expectation and variance of this prior.

(c¢) With the prior introduced in (b), find the posterior distribution m(6 | x1,...,2z,). Find also the
Bayes solution 4y, i.e., the minimiser of the Bayes risk BR(8,0) = [ R(6,0)7(6) d6.

(d) Tweak the parameters of the Beta prior distribution, so that the Bayes solution you found above
equals the maximum likelihood estimator from (a). What desirable properties does the maximum likeli-
hood estimator possess?

Theorem 10.1. Let © = {601,...,0,} be a finite parameter space, and suppose that d, is Bayes for
the prior m = {m1,..., 7}, where m; is the prior mass given to ;. If6; > 0 for j =1,...,k, then 0,
admissible.

Exercise 10.2. Prove Theorem 10.1.

Exercise 10.3. Suppose Xi,..., X, are ii.d. from N(0,02). We are to estimate o under the loss
function
2\2
5y (0—07)
(10.1) L(6,0%) = 5.

(a) Find the maximum likelihood estimator and its risk function.

(b) Consider the prior distribution given by density
b(l
o ~
I'(a)
with @ > 1 and b > 0. This is the density of an inverse gamma distribution. Find the prior expectation
of 0. Find also the prior expectation of 1/02.

(1/0%) " exp(=b/a?), o* >0,

(c) Find the posterior distribution o2 | z1,...,x,, and derive the Bayes solution under the loss function
given in (10.1).

(d) Show that the maximum likelihood estimator is inadmissible by exhibiting an estimator, say 6*, with

2

uniformly smaller risk. Hint: Consider d, = ady.

(e) Is 6* admissible?

Exercise 10.4. (From Nils’ Bayes notes) When estimating the price of apples in Oslo, the height
of women in Bergen, and the unemployment rate in Trondheim, it is sometimes advantageous to use
information about apples is Oslo and women in Bergen to say something about the unemployment rate
in Trondheim. The point is that when estimating an ensemble of unrelated things, we can sometimes do
better in the estimation by borrowing information across unrelated things. This phenomenon is known
as Stein’s paradox or the Stein effect. See Stein (1956); James and Stein (1961) for the original articles,
and, for example Efron and Morris (1977) and Stigler (1990) for lucid presentations. In the present
12



exercise we’ll look at Stein’s 1956-1961 result, a result that initiated a whole field of statistical research
known as shrinkage estimation.
Let Y; ~ N(6;,1) be independent for i = 1,...,p with p > 3. We are to estimate 61, ...,0, under the

combined loss function
p

L(5,6) = _(d; —6:)*.
i=1
The standard approach is to use Y; as an estimator of #;. The estimator Y; is the maximum likelihood
estimator, it is admissible under (§; —6;)?, it is the uniformly minimum variance unbiased estimator, etc.

(a) For obvious reasons, we call Y = (Y1,...,Y,) the standard estimator. Compute its risk function.
(b) For a single Y ~ N(6, 1), show that under very mild conditions on the function b(y), one has
Eo (Y — 0)b(Y) = EgH(Y),
where b’ is the derivative of b. Hint: Use integration by parts.
(c) Let now b(y) = (b1(y), ..., bp(y)). Generalise what you found in (b) to
Eg (Y = 0:)bi(Y) = Eg b; i (Y),
where b; ;(y) = 0b;(y)/0y;.

(d) What you found in (b) and (c¢) is known as Stein’s lemma. We are now going to use Stein’s lemma
to construct an estimator that uniformly dominates Y. Consider a general competitor to Y of the form
YY) =(61(Y),...,8,(Y)), with

(10.2) 5.(Y) = Y — bi(Y).

Show that the difference in risk between Y and estmators of the form (10.2) can be expressed as
R(5,6) — R(Y,0) = E, D(Y),

where

D(y) = {bi(y)* — 2bi.i(y)}-
=1

Then R(0,0) = p+ E¢ D(Y). The fabulous thing about such a simple lemma as Stein’s, is that D(y)
does not depend on the unknown 6,,...,60,. We can therefore try to find a data dependent function
b(y) such that D(y) < 0 for all y, and consequently an estimator that uniformly dominates the standard
estimator. It turns out to be impossible to find such functions b(y) when p < 2, but it is possible for
p =3

(e) Try b;(y) = ay;/||y|?, with ||y||* being the squared Euclidian norm Y 7_, y?, corresponding to
a
0y) =y —bly) = (1- W)y

With this choice of b(y), show that

D@)znipaﬂ—zwp—m}

Show that this is negative for a range of a values provided p > 3. Demonstrate that the optimal a is
a = p — 2, corresponding to the estimator

(10.3) Ss(Y) = (1 P2

Y2

This estimator is known as the James—Stein estimator. Show that the risk function of this estimator can

)Y

be expressed as
1
R(035,0) =p—(p— 2)2E9 W
Show that the greatest reduction in risk from using ¢;g instead of Y takes place when 6; = --- =0, =0,
and compute the risk R(djs,0) in this point.

13



(f) We’ll now make a connection to empirical Bayes procedures. Start with a prior that takes 61, ...,0,
independent from N(0, 72). Show that the Bayes solution is 6% = (67, .. ,51])3), with

7_2

(10.4) 5B(Y):aYi, 1=1,...,p, where a:77_2+1.

1
(g) The empirical Bayes approach consists of estimating hyperparameters from data. Hyperparameters
are those parameters set by the statistician in a pure Bayesian approach. Show that the marginal
distribution of 1, . . ., y, is a product of N(0, 1+72) distributions. Find the maximum likelihood estimator
of a. Use the maximum likelihood estimator to find an unbiased estimator, say &, of a. The empirical
Bayes estimator is then dgp(Y) = @Y. What’s noticeable about this estimator?

11. TESTING STATISTICAL HYPOTHESES

Exercise 11.1. (STK4011 Exam, Autumn 2014) Suppose 6 is some parameter of interest, associated
with observations Xi,...,X,. The null hypotheses traditionally dealt with in statistical testing are of
the type 6 = 6, or 6 < 6y, 0 > 6, for some pre-specified value 6y, or even |6 — 6y| < ¢, for some small
positive e. On this occasion we turn things slightly around, however, and wish to test Hy: |6 — 09| > ¢,
versus the alternative that |6 — 6y| < e.

(a) Describe a situation where such a scenario would be fruitful.

(b) To give an illustration of more general constructions of the type pointed to above, suppose now
that observations X1, ..., X, are independent and normal N(6,1), and assume for simplicity that 6 > 0
a priori. We shall test the hypothesis Hy that § > e, versus the alternative that 6 < e, where we for
concreteness set ¢ = 1/4. Consider the test which rejects Hy if X,, = n~! Z?:l X; < e¢,. Find ¢, such
that the test has significance level (‘type I error’) 0.05.

(¢) Find the power function for this test, i.e. the probability that Hy will be rejected, as a function of
the parameter. Give a plot of this power function for n = 100. Comment on the size of the maximal
power.

(d) How big must the sample size be, in order for the above power probability to be above 0.95, if in
fact the true 6 is equal to /2 (i.e. 1/8)?

(e) Show that the test worked with here, rejecting Ho: @ > 1/4 vs. the alternative § < 1/4 when X,, < ¢,
is uniformly most powerful, among all tests with significance level 0.05.

(f) Suppose 6 is not restricted to be nonnegative a priori, and that one needs a test for Hy: |0] > 1/4
versus the alternative that || < 1/4. Construct a test for this situation, again with significance level
0.05, and draw its power function alongside the one from point (c).

Exercise 11.2. (Casella and Berger (2002)) Suppose that we have two independent random samples:
X1,..., X, are exponential(d), and Y7,...,Y;, are exponential(u).

(a) Find the likelihood ratio test of Hy: 6 = u versus the alternative 6 # p.
(b) Show that the test in part (a) can be based on the statistic
Z?:l Xi
n m .
Y Xi+ 2 Y

(¢) Find the distribution of 7' when Hy is true.

T =

Exercise 11.3. (Casella and Berger (2002)) Let X;, Xo be ii.d. uniform on (6,0 + 1). For testing
Hy: 0 = 0 versus the alternative § > 0, we have two competing tests:

¢1(X1)Z Reject Hy if X7 > 0.95,
¢2(X1,X2)2 Reject H() if X1 +Xo>c.
(a) Find the value of ¢ so that ¢, has the same size as ¢, and sketch the power functions of the two

tests.
14



(b) Is it true that ¢, is more powerful than ¢;?
(c) Find a test that has the same size but is more powerful than ¢,.

Exercise 11.4. (Keener (2011)) Suppose X has density

0
f@(ﬂf) = m, z > 0.

(a) Show that the derivative of the power function 5(6) = Eg ¢(X) of a test ¢ is given by

B(6) = By ~—0X

o+ o) o)

(b) Among all tests with 3(1) = «, which one maximises §'(1)?

Exercise 11.5. (Berger (1985)) Suppose X takes values in {1, 2,3}, and that § € {0,1}, with X having
probability density in each case

f(z|0) =0.005I{z = 1} + 0.0051{zx = 2} + +0.99I{z = 3},
f(x | 1) =0.00511{z = 1} 4 0.98491 {x = 2} + +0.011{z = 3}.

(a) Find the most powerful test of Hy: = 0 versus the alternative # = 1 at level a = 0.01. Compute
the power of this test in 6 = 1.

(b) Suppose the unlikely event X = 1 occurs. Are you comfortable about the conclusion of the most
powerful test in this case?

Exercise 11.6. (Lindley and Phillips (1976); Berger (1985)) We are interested in the probability 6 of a
coin coming up heads, and want to test the hypothesis Hy: 8 < 1/2 versus the alternative § > 1/2. The
coin is tossed 12 times, leading to 9 heads and 3 tails.

(a) Suppose that it was determined in advance that the coin was to be tossed 12 times. A common
thing to do is to reject Hy if the probability of observing what you observed or something more extreme
than what you observed, is less than o = 0.05 when evaluated under the null hypothesis. Is the null
hypothesis rejected?

(b) Now suppose that the coin was tossed until 3 tails were observed, and that the third tail came on
the twelfth toss. Use the same procedure as in (a) to test Hy.

(¢) Try being Bayesian. Let 6 have a prior Beta(a,b) distribution, and set a and b to what you think
are reasonable values in this case. It now appears natural to no longer believe that Hy is true if the null
hypothesis has low posterior probability. What’s low is up to you. Find the posterior distributions of 6
under the models in (a) and (b). Is Hy rejected?

Exercise 11.7. Let X ~ fp(x) and consider the simple hypothesis Hp: 6 = 6y versus the simple
alternative § = 0;. The statistical tests ¢, with ¢(x) = 1 meaning ‘reject Hy, and ¢(x) = 0 ‘keep Hy’,
are to be evaluated under the loss function

0, if¢(z)=0,

L(WO)_{ K, if gle) = 1,

L(Wl):{ 0, if ¢(z)

0,
1.

(a) Let 0 < o < 1 be your prior probability of Hy being true. Derive an expression for the posterior
expected loss, and show that the Bayes solution ¢ is of the likelihood ratio type

7 0, if f(x|61) <krf(z]6b).
Find k, and relate this quantity to the level of a test.

(b) Let now X | 6 be N(6,1). We want to test Hy: 8 = 0 versus #; = 1/2 using the Bayes solution when
the prior is mp = 1/2. Find K; and K5 such that Eg, ¢.(X) = 0.05.
15



(c) Show that any Bayesian test with a prior giving weight to both the null- and the alternative hy-
pothesis, is the most powerful test of its size. Hint: Use what you know about Bayes solutions and
admissibility.

Exercise 11.8. Let X1,..., X, be i.i.d. N(6,02) with 02 known.

(a) Find the uniformly most powerful test for testing Hy: 6 < 0y vs. Ha: 6 > 0y at level & = 0.05. Find
also the uniformly most powerful test for Hy: 60 > 6y vs. Ha: 0 < 8y at level « = 0.05. Sketch the power
functions B(0) = Eg ¢(X) of these two tests.

(b) For values t; < to, that you must find, consider the level o = 0.05 test

1, ifz, <ty orZx, >ts,
¢(z) = : .
Oa lftl an§t27

for testing Hy: 0 = 6, vs. the two-sided alternative 6 # y. Find the power function of this test and add
it to the sketch you made in (a).

(¢) Show that for testing Hy: 6 = 6y vs. Ha: 6 # 6y no uniformly most powerful test exists. Hint: Use
the monotone likelihood ratio property.

(d) Show that the test from (b) is an unbiased test. Show also that the test ¢(z) from (b) is uniformly
most powerful among all unbiased tests (it’s UMPU).

Exercise 11.9. Consider the linear regression model
Y; = Bx; + osy, i=1,...,n,
where o is known, €1, ...,&, are independent N(0, 1), and z1,...,z, are fixed and known covariates.

(a) Find the maximum likelihood estimator 3,, and show that
B ~N(B,0?/ Y " a7).
i=1

(b) Find the uniformly most powerful test of level a = 0.05 among the unbiased tests (UMPU) for
testing Hy: 8 = 0 vs. the two-sided alternative 5 # 0.

Exercise 11.10. Let f(x;6) be the density of the logistic distribution,

L exp(z — 0)
f(x;0) = (I +ep@—0))2

for z,6 € (—o00, 00).
(a) Show that this family has the monotone likelihood ratio property.

(b) Find the most powerful test for testing Hp: § = 0 vs. § = 1. For a = 0.1, find the probability
of erroneously not rejecting null-hypothesis (i.e., committing a Type II error). Show that the test you
found is uniformly most powerful for testing Hy: 6 < 0 vs. 6 > 0.

Exercise 11.11. Let Y7,...,Y,, be independent Poisson with mean 6 > 0.
(a) Find the uniformly most powerful test for testing Ho: 6 < 1vs. Ha: 60 > 1.

(b) Let the level be o = 0.05, and suppose that if § = 2 we want the probability of rejecting the null-
hypothesis to be 0.90. Use the central limit theorem to find an approximate sample size n needed to
achieve this.

Exercise 11.12. Suppose Xi,..., X, are independent normal random variables with means 6;,...,6,
and variances 1. We want to test the null hypothesis Hy: 6; < 0, Vj. For p = 8, find the critical value
such that the probability of a Type I error is no bigger than 0.05.
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Exercise 11.13. On a hot summer day, you, a summer intern at Oslo kommune, bring a sample of
water from Sgrenga Sjsbad along to the laboratory to test the concentration of intestinal bacteria. At
the laboratory there are two measurement devices, a new device that yields quite precise measurements,
the measurement errors being normally distributed with known variance o?; and an old one which is
somewhat imprecise, its errors are normally distributed with known variance o3 > o%. The newer device
is of course more popular, and it is a fifty-fifty chance that one of your colleagues is using it when you
enter, in which case you have to do the analysis on the old device.

The situation is as follows: there is a random variable £ taking the values 1 or 2 with equal probability
1/2, and given &, the measurements of intestinal bacteria concentration in the bathing water is X ~
N(Q,Ug). You have instructions to test whether the concentration is below the noxious level 6y (the
null-hypothesis), versus the alternative that it is at send-the-swimmers-home levels above 6.

(a) A natural test is to reject the null-hypothesis if X,, is above some threshold ¢, but how should you
choose ¢? Should you condition on the measurement device you actually operated, or should you take
into account that both devices had a fifty percent chance of being used?

(b) Suppose that both devices are standardised so that 8, = 0. For level & = 0.05 and o7 = 1 and
o9 = 3, find the critical value of the two tests from (a). Here you must use R. Sketch the power functions
of both tests over the interval —1 < 6 < 15. What test do you prefer?

12. SOLUTIONS

If you find any mistakes, which surely are scattered around with a far from negligible Poisson rate,
please send me an email at emilas@math.uio.no so that I can inform the others, and update this file.

Ex. 1.1. The sample space is {HH, HT,TH,TT}. It cannot be TT, hence the probability is 1/3. Can
use Bayes,

P(at least one H | HH)P(HH)
P(at least one H)
P(HH) 1

P(HH) + P(HT) + P(TH) +0 x P(HH) _ 3’

P(HH | at least one H) =

Ex. 1.2. We use Bayes theorem.
P(H16 | HH)P(HH)

P(HH | H16) =
(HH | H16) e,
where P(HH) = 1/4 and the probability of getting at least one heads at 16:00 is
1 5 5 1 1 1 11
PHI6 | HH) ==X -4+ =X=4+ - X == —.
(HIG [ HH) =g x5+ 55766 30

Moreover,

P(H16) = i(P(H16 | HH) + P(H16 | TH) + P(H16 | HT) + 0)

1,11 1,11 1 23
= (= +1 1 =_(—+1 1 = x —.
4(36+ /6+1/6+0) 4(36+ /6+1/6+0) 4><36

Plug this into Bayes formula and obtain P(HH | H16) = 11/23, which is bigger than 1/3!.

Ex. 1.3. (a) Assume that all the coins are fair, that all the teenagers act independently when questioned,
and that that the probability of each teenager being a ‘yes’ is the same, say . Moreover, we assume that
the teenagers whose first toss come up heads do indeed answer truthfully. For each teenager there is an
(unobservable, we suspect) Bernoulli random variable Y with success probability §. Our anonymisation
device creates a new random variable,

X =WiY; + (1 - W)Wy,
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where W; and W/ are independent Bernoulli (1/2) random variables corresponding to the two coin tosses
(both independent of Y;). Then

6 1

P(answer yes) = P(answer yes | H)P(H) + P(answer yes | T)P(T) = B + T
or 01
EX; =E(W)E () +E(1 - W,)E(W)) = >t 1

by independence. The expectation of X,, =n~'Y" | X; is EX,, = 0/2+1/4, and an unbiased estimator
of 0 is )
0, =2X, — 3

Based on the number collected by helsesgster, our estimate is 6,, = 2 x 4/17 — 1/2 = —0.2647, which is
meaningless. See the next exercise.

(b) With the estimator 6,, it is possible to obtain estimates of § outside of (0,1). The probability of
this happening gets smaller and smaller when the sample size increases. Set v = 6/241/4 € (1/4,3/4).
Using Chebyshev’s inequality,

¢ . 1-7)
P(Xn -] 2 &) < e 2B (X — 7)2 = 1L
( Nze) <eE(Xn—7) =

which converges to zero as n — co. Can also compute the probability of bad estimates directly,
P(0,bad) =1 — P(6, € (1/4,3/4)),

and show that this probability converges to zero.
(c) In the all-answer-truthfully case the rv Y; is observable, and a natural estimator for  is Y,,, with
variance VarY,, = 0(1 — ) /n. The variance of X; is

Var X; = (0/2+1/4)(1—0/2 —1/4) = 6(1 — 0)/4 + 3/16.
so that
Varf,, = 4 Var X,, = n~{0(1 — 0) + 3/4}.
A natural way to compare unbiased estimators is by the ratio of the variances,

Var én 14 3
VarV, 40(1 —0)’

which attains its minimum in § = 1/2, where the ratio is 4.

Ex. 2.1. (a) Right-continuous, non-decreasing, F'(0) = 0 and F'(1) = 1. Importantly, note that there is
a jump at 7,
P(X=71)=F(r)—F(r—) =6.
(b) Since P(X = 1) = 6, generate B; Bernoulli(f) independent, and independent of U; ~ unif(0,1).
Then set
Xz:BlT—F(l—Bl)Ul 7,:1,,7’1
(c¢) Let X = B+ (1 — B)U as in (b). Then

EX=0r+(1- 0)%,
and the variance is
(12.1) Var X ={1/4—7(1—-7)}0(1—0)+ (1 —0)/12.

(d) Show that it is two times the expectation of a Geometric experiment. So
E {trials until two X =7} = 2/6.

(e) Here are two estimators of 8, (provided 7 # 1/2),

A 1 & A —1, -1 -
elzﬁgf{xiﬂ}, and 0y = (7 —1/2)"'n ;Xi—l/z)-
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Compare the variances of these two estimators. Varf; = 6(1—6)/n, and Varfy = (1 —1/2)"2n"Var X,
where Var X is given in (12.1). Then

Yt = <T_11/2 /A== 7) +1/020))
T 1/22{ —1/2)° +1/(129)}=1+m>1,

which shows that 0; is a better estimator. Can relate this to sufficiency of 0, for the 0 in S X =
7} ~ Binom(n, #), perhaps?

Ex. 1.4. Xi,...,X, are independent Bernoulli(¢) trials. (a) The maximum likelihood estimator of ¢
is the empirical mean X,,. This is an unbiased estimator of 6, with variance 6(1 — #)/n. Thus, under
squared error loss, R(X,,0) = 6(1—0)/n. See Figure 2 for its risk function. (b) The risk of an estimator
of the form

Sw(X) = wX, + (1 — w)o*,
where 6* is a prior guess at 6 (I changed 6y to 6*, so that we don’t confuse it with the true value of 6), is

R(6u,0) = Eg (WX, + (1 —w)8* — 0)? = wzw

= w2w + (1 —w)?(0* — ).

+ (wh + (1 — w)8* — 0)?

In Fig. 2 I draw the risk function of 6,(X) = X,,/2 4+ 1/4, for n = 10. (c) We have a good reasons to
believe that the true value of 6 is close to 1/2, so from Fig. 2 we see that §;(X) is a better choice than
X, (d) The risk function of this estimator is

RwXn + (1—w)/2,0) = 0?23 =0 L 1 _ w22 - o2,

To be constant (as a function of ), the derivative of this function must be zero for all , that is

0=w TQQ—2(1— w) (1/2—9):le%e—(l—w)Q(l—w).

So

w'n=>01-w)? = w/(l-w)=vn = w\/ﬁ\/f—l

The estimator

5 (X) =

Vn+1

has constant risk

R(5*,0) = n (1 —6) 1

CCEEE MZEEE
12{9 02 +1/4—0+0*) =

5(1/2-0)* = +(1/2-0)%}

s
1
OGRSy VESVE

We soon have the tools to prove that §*(X) is minimax. That’s for another exercise. (f) If you have no
idea about where the true value of @ is, then use 6*.

Ex. 2.3. To show (2.2): Let A} C Ay C A3 C --- be measurable sets. Append the set Ay = () and set
B,=A,\A,_1=A4,NAS_, forn=1,2,.... Then By, B, ... is a disjoint sequence, and

N
PUZ1n) = PR Ba) = Jim 3 P(B

N—oc0 — N~>c>o

N
= lim Y P(A,\ A,_1) = lim Z{P P(A,-1)} = lim P(Ay).
1

The second equality uses countable additivity; the fourth uses that P(4, \ A,—1) = P(4,) — P(A, N
A,_1) = P(A,) — P(A,_1) because A,,_1 C A,; and the last one uses that the sum is telescoping.
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FIGURE 2. Risk function of the three estimators in Exercise 1.4. Black curve is risk of

X, blue curve is the risk of X /2+1/4, and red curve the risk of the minimax estimator
o*.

To show (ﬁ) Let A; D Ay D -+ be a decreasing sequence of measurable sets. Notice that 41\ 4,, C
A1\ Ap4q for all n, so by the previous result

P(UpZ A1\ Ay) = ILHI P(A1\ Ap),
but US4\ A, = A1 \ NS, A4, so we have
P(A)) — P(N2,A,) = P(A;) — lim P(A,).

n—roo

Notice that we here use that P(A4;) < 1 since P is a probability measure. For a general measure p we
need that p(A;) < oo (or that there is a k such that p(Ag) < 00).

Ex. 2.5. Show that a distribution function F'(x) has at most a countable number of discontinuities. If
x is a discontinuity point of F, then F(z) — F(z—) = F(x) — limys, F(y) = P({z}) > 0. But since P is
a probability measure we can only have countably many such points.

Ex. 3.1. (a) Y is a Bernoulli distributed random variable with success probability
P(Y =1) = P(g(X) = 1) = P(X € g~} ({1})) = P(X € (¢,0)) = 1 — &(c).
(b) The expectation of Y;, is 1 — ®(c), so a natural estimator of c is
én =0 N1 - Y,).

This estimator is the maximum likelihood estimator.
(c) Recall that if a function f has an inverse !, and f is differentiable at z, then

1
—f ) =
W=
By the central limit theorem /n(1 —Y — 1 + ®(c)) converges to a mean zero normal with variance
®(c)(1 — ®(c)). Since d@1(c)/dec = 1/¢(®(c)), an application of the delta method then gives the

result. We can be more careful and use the mean value theorem
V(e —c) = V(@7 H(1 - Y,) — 271 (®(c)))
- m\/ﬁu Y, - () b @N(O, (e)(1 - 8(c))),
where ®(¢) lies between 1 —Y;, and ®(c). Since 1 — Y, is consistent for ®(c), it must be the case that
®(¢) converges in probability to ®(c), using that ® is a continuous function.
Here is a script with simulations illustrating the asymptotics
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nn <- 5%1073
cc <- 0.567
sims <- 4%10°3
zz <- O*1:sims
for(jj in 1:nnd{
xx <- rnorm(nn,0,1)
yy <= 1*(xx >= cc)
cc_hat <- gnorm(l - mean(yy))
zz[jj]l <- sqrt(an)*(cc_hat - cc)
}
hist(zz,freq=FALSE)
avar <- pnorm(cc)*(1 - pnorm(cc))/dnorm(cc) "2
curve (dnorm(x,0,sqrt (avar)) ,add=TRUE, col="green")

Ex. 3.3. Think of R,0) has already transformed rv’s, i.e., h='(r,0) = (rcos6,rsinf) = (x,y). The
determinant of the Jacobian is det(.J) = r cos® # 4 rsin® § = r. Take it from there and you find that

1
g(r,0) = 7" exp(—=r2/2), r>0,0 € (0,2n).
T
So R and 0 are independent and 6 is uniform on (0, 27).
Ex. 3.2. See Section 13 with proposed solutions to the Nils exercises.

Ex. 4.1. The rv X is Poisson(\). (a) Mx(t) = Ee!™ = Y02 jetPAfe ™ /zl = e A 307 ((Ae!)F /al =
e e = exp(A(e! — 1)) is the mgf of a Poisson random variable.
(b) If X,, is Binomial (n,p,), then M, (t) = {1 + p,(e’ —1)}™. Assume that np, — A > 0. Then

Vpn = npp//n — 0, 50 p, = o(n"/?). For a sequence a,,
log(14an) =a, —a2/24+a>/3 - - =a, +a2{-1/2+a,/3 — -} = a, +a>R(a,),

where R(a,) — —1/2 when a,, — 0, and for |a,| < 1/2, |R(a,)] < (1/2)+(1/3)(1/2) + (1/4)(1/2)? -
S 1/(k+ 127k < 17252 27— = 1. Given & > 0, since p, — 0 we can find ng such that
|np, — Al < € for all n > ng, and an n1 so that np? < ¢ for all n > n;. For all n > max(ng,n;) then
[log M, (t) = A(e' = 1)| = [nlog(1 + pa(e’ = 1)) = A(e' = 1)
< |npn = Al(e" = 1) + [nph (¢ = 1)2R(p,)| < (e’ — 1){1 = (' = 1)}
(e) Suppose X1, ..., X,, are independent Bernoulli random variable with success probabilities py 1, - - ., Dn,n-

Set Z, =Y " X;. > pni — A > 0 and max;<, pn,; — 0, then Z, converges in distribution to a
Poisson(\). By what we did in the previous exercise, and independence of the X;’s; write

IOgM Zlog 1+pnz e - 1 Z{pnl+pn zR(pn Z)}
i=1 i=1

Is suffices to show that 7" | p2 ;R(pn;) — 0. But for n big enough

n n
1> 2 iR(pn.i)| melR Pni)| < max pr Ian il R(pn,i)| < max pr zanu

=1 =1

where we have used that for big enough n all the p,; < 1/2. The right hand side tends to zero by the
assumptions.

Ex. 4.2. (a) An exercise in the transformation of random variables,

fy(y) = ¢(logy)l/y = \/%é exp{*%(logy)}, y > 0.

This is the pdf of a log-normal distribution. (b) Note that EY* = EefX = ¢*"/2 is the mgf of a standard
normal random variable. (c) We are to show that My (t) does not exist. See Definition 2.3.4 p. 62 in
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C&B. The mgf must exist in a nbhd of zero. Since e=® < 1 for all > 0, we have that Ee!Y < 1 for all
t < 0. Show that for ¢t > 0, My (t) = cc.

My (t) =EeY = e~ 308y) qy — ote"=7/2 4

b

=l 5 vl

changing variables. Using that for z > 0, €* > 1+ x + 22/2 + 23/6, we see that for large enough z,

e —x2/2 > t+tw, so My (t) > foo i+t 4z for some K > 0. But the right hand side diverges for all K.
T he log-normal is therefore an example of a distribution where all the moments exist, but the moment
generating function does not.

Ex. 4.3. Fix t and define the sequence Yx of random variables given by Yy = Zk o RN XE — XF).
By assumptlon |XF — X*| < 1. Thus, |Yx| < Zk:o [t|F/RN(XE — XF)| < Z o [tF /KD < e‘”, and
Eeltl = el < 0o. This shows that the sequence Yx is bounded by an integrable random variable (a
constant one), and we can apply the dominated convergence theorem in the fourth equality below. Given
e > 0, there is, by assumption, an ng such that |EX* —EX*| <e k=1,...,K for all n > ng. For n
big enough

oo

> ¢k =tk tk
[Ma(t) = M(1)] = [E Y X5 =B Y 2 XF| = [E Y S (xh - xH)|
k=0 k=0 k=0

N k N k k
\Eézﬂaokz_oa“ el \—\Iéﬂokz_oymn—”
< lim E |t|k|E —E[X* <€ lim E |t‘ geltl
T K—oo K—oo '

Ex. 5.1. Proof of Lemma 5.1. By the mean value theorem

|g(9c,9+h)—
h

The result then follows from the dominated convergence theorem by taking the limit as h — 0 on both

sides of
H [ ote.0+m)avte) — [ g0 anw)} = [ o0+ - g(r.0)} dv(o)

Ex. 5.2. (Note: There were some errors and insufficiencs in the previous statement of this exercise. They
are now fixed.) (a) A density function fs(z) 6 € R, and we assume that fy(z) satisfies Lemma 5.1. The
mean of the score function u;(6; z) = dlog fy(x)/00; is zero,

1 1
9<%9>|:|/ sy 0+ ai] < [ g(w,0+ ho)|at < ko)
0 0

(0 x — [ 2log folx) / dfg(x /
Eguj(Q,X)—/ o9, fo(x)dz = 70, fo(x)dz =0.
The variance of the score equals minus the expectation of its second derivative: First,
9? {ae aelfﬁ )} fo(x) e.fa(x)a%tfa(x) {7398;91%(:6)}
lo ! = ! —u;(0; x)u(0;x).
96,00, 18 10(7) = fo(z)? Fo(2) §(0; 2)w(6; 7)

Now, the claim follows by taking expectation on both sides, because [dfy(x)/00;06;dz = 0, where
0fe/00;, j = 1,...,k satisty the conditions of Lemma 5.1, by assumption. What we have now proved
are known as the first and the second Bartlett identity. An important thing to notice is that in in general
Egu(8',X) # 0 when 6 # 6'. (b) Suppose fp(z) is a exponential family in its natural parametrisation,

k
fo(@) = h(w)e(8) exp { D 0;t;(x)
j=1
By the first Bartlett identity

0
g 1050 +Eo 15(X),
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so that Egt;(X) = —0log¢(0)/00;. For the variance

Eo (a‘zj log fo(z))” = By (a‘zj log c(0) + t;(X))? = Eg (£;(X) — Egt;(X)?)* = Varg t;(X).

(¢) The rv X has a Gamma(a,b) density. On exponential family form

a

fa,b(x) = @

1
—exp{alogz — bz}, z > 0.
x

Then
E log(X) = —% (alogb+logI'(a)) = —logh — 1(a),
where 9 (a) is the digamma function dlogT'(a)/da. (d) Let X be the number of Bernoulli(p) failures
until the first success, then X is geometrically distributed, it has probability mass function
P(X =k) = (1—p)kp=pexp{log(1l — p)k}, k=0,1,2,....

Note that this is not in its natural parametrisation. From the first Bartlett identity, 1/p—E, X/(1—p) = 0,
so that E, X = (1 —p)/p.

Ex. 5.3. X1,..., X, are i.i.d. data from fp(x) = h(x)c(0) eXp{Z:;?:1 w;(0)t;(x)}. (a) By independence

k
folx1, ... 2pn) = hp(z)c(0)” eXp{Z wj(H)fj (x)},

where h,,(z) =[]}, h(z;) and ¢;(x) = Y"1, t;(z;), which shows that the joint distribution of (X1, ..., X,,)
is on exponential family form. (b) Assuming that the X;’s are discrete. Fix some vector y = (y1,...,Yk),
and set A = {x: t;(z) = y1,...,tx(x) = yr}, so that A C R™. Then

k
PE{EL(X) = s Tn(X) = i} = 30 Pr(X = 2) = ho(n)e(0)" exp{>_ w; (0)u;1},
z€A j=1

where ho(y) = > ,ca bn(®) =3 ca [Tiy h(xi)-

Ex. 5.8. A one-parameter exponential family is in our notation a family of densities on the form fy(z) =
h(z)c(0) exp{0t(x)}, with @ € R. (a) If h(z) = 1/z t(z) = logx on (0, 1], then

14 1
/ —exp(flogz)dx = / 271 da < oo,
o T 0

when 6 > 0. The natural parameter space is therefore (0,00). For § > 0, we must have

1/e(6) = /01 2"~ de = 10,

so ¢(f) = 0, and its density is fp(x) = 62~ on (0,1]. (b) If X ~ fo(z) = 02", then Y = —log X has
a density on (0, 00) given by

go(Y) = fo(e™¥)e ™ = ge~O—Dyey — Ge=?, y >0,

which is an exponential distribution. (c¢) With X,..., X, i.i.d. from fy(z), the log-likelihood function
is
£,(0) =nlogh+ (6 —1) Zlogwi
i=1
The estimating equation is n/§+ > -, logz; = 0, note also that 9¢,,(0)/06% = —n/§? < 0 for all § > 0,
so £,,(0) is everywhere concave. The maximum likelihood estimator is

0, =1/{n"" Z(—logXi)}.
i=1
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We must show that Egén = 6 + ¢,, where ¢, is something small (that might depend on ). From
(b) we know that —log X7,...,—log X,, are independent exponentials with mean 1/6. The mgf of an
exponential(f) rv Y is

My (t) = Ege'’ = / e % dy = / 0O dy =0/(0 —t) = (1—t/0)"', fort<@.
0 0

From this we see that the mgf of a sum of independent exponentials is
MZ:L=1Y1(t) = (lft/e)’”, fOI't<97

which we recognise as the mgf of a Gamma(n, ) random variable. Let Z,, ~ Gamma(n,#), and the
maximum likelihood estimator is 6,, =4 n/Z,. In general, the expectation of an inverse Gamma(a, b) is

EX = /OO b av-1g-be g, o 0 Tla=1) b
0

I'(a) I(a) bo1 a—1’
provided a > 1. For us a is the sample size n, so this is not a problem. We then see that
. n n 0
Egb0, =E¢g— = 0=60+——
07n 0 Z, mn-—1 + n—1’

which means that 6,, is approximately unbiased for large enough sample size n. (d) From (b) we know
that ¥; = —log X; are i.i.d. random variables with mean 1/0 and variance 1/6%. The central limit
theorem then tells us that

Vn(Y, —1/6) % N(0,1/6%).
Use the delta-method with g(z) = 1/, whose first derivative is ¢’(z) = —1/2?. Then

Vb, — 0) = Va(g(Ya) — g(1/6)) > ¢'(1/0)N(0,1/62) =4 N(0,67).

Ex. 6.6. The X;,..., X, are from a continuous distribution F, so there are no ties. Given the order
statistics X(1),..., X(n), the sample space of X1,..., X, are these n different values. Thus,

PI‘{Xl =T1,... ,Xn =Tn | (X(l), . ,X(n)) = ((15(1), . ,J}(n))} = %,
if some permutation of (z1,...,2,) equals (z1,...,%(,)), and zero otherwise. This distribution does not
depend on F', so the order statistics are sufficient.

(a) If two vectors (x1,...,2,) and (y1,...,¥yn) have the same elementary symmetric functions, i.e.,
Ui(z) = Ui(y),...,Un(x) = Upn(y), then the y’s are a permutation of the z’s, and they must therefore
have the same order statistics. This means that (X(),..., X)) + (U1,...,U,) is one-to-one, and so
(Ui, ..., U,) is sufficient. [xx write it out xx]

(b) If (Vi(x),...,Va(x)) = (Vi(y),...,Val(y)), then (y1,...,y,) is a permutation of (z1,...,z,). [xx
write it out xx]

Ex. 6.13. The variables Xi,..., X, are i.i.d. N(,6?). Their joint density (likelihood function) is
1 n 1 n
_ —n/2|p|—n - L 2 _
L,(0) = (2m) 6] exp{o ;Zl i~ 505 ;:1 x; —n/2}.

Theorem 6.2.25 p. 288 in C&B does not apply, because the parameter space (,6?) is a parabola, and
does not contain an open set in R2. Apply Theorem 6.2.13 p. 281 in C&B to show that the statistic

T = (Tl,TQ) = (ZXMZXE)a
=1 i=1

is minimal sufficient. To show that T is not complete, it suffices to exhibit a function g(t) of the sufficient
statistic such that Eg g(T') = 0 for all 6, but Py(g(T) = 0) # 1 for all §. The function g(t) = to—2t3/(n+1)
is such a function, for

2 n
B L X~ i () = 2ed? -

i=1

2 1 (n6* +n?6%) =0,

n -+
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where it helps to use that Y i, X; ~ N(nf,n6?), but

i=1 i=1

does not equal zero with probability 1. The statistic T is therefore not complete.

Ex. 6.20. Here is a sketch. We have X,...,X,, independent uniform on [a,b], and are to show that

T = (T1,Tz) = (X(1), X(n)) is sufficient and complete. For sufficiency we can use the factorisation
theorem, write
1 \n .
f(xla cee 7xn) = (m) I{I}%lﬁl%l > a,rlngag(mi < b}

Which may also be used to show that 7" is minimal sufficient. Completeness: Recall that the density
J1(t) and fa(t) of X (1) and X, are

filt) = n(é’:i)”‘lﬁ, and  folt) = n(

respectively. Both if these distributions are complete, that is,

B, g(T;) = / g, dt =0 = Pryg(T)=0)=1, forj=12

t—a)n—l 1
b—a b—a’

This you can show by mimicking the argument from Example 6.2.23 p. 286 in Casella and Berger (2002).
Let E, 5[] denote the expectation with respect to the joint distribution of (71,7%), and suppose that

(12.2) Eop h(T1,T5) =0, for all a < b,
From Casella and Berger (2002, Theorem 5.4.6, p. 230) we have that the joint distribution of (77, T%) is
n(n—1) 9
ot (t1,t) = Lty — 1), a <ty <ty <b.
fi t(t1,t2) (b—a)”(2 1) a 1 2
By Bayes theorem,
_ Jioint(t1,t2) (to —t1)" 2
T | (Th = t) ~ fry =, (t2) = TRt (n— 1)W, th <ty <b,

which we recognise as the distribution of the maximum max;<,_1 Y¥; of Y7, ...,Y},,_; independent uniforms

on (t1,b]. So by Example 6.2.23, the distribution fr,|7,—¢, (t2) is complete. By the assumption in (12.2),

b
(12.3) 0=FEuph(T1,T2) = E; E{M(T1,T2) | T1 } = E4 {/ h(t1,to) fry 1=, (t2) dt2},
t1

for all @ < b by assumption. Define the family functions

b
Qb(t1)=/ h(t1,t2) fr, 1=, (t2) dt2

t1
Then, for fixed b > tq,
E1g5(Th) = Eoqp h(Th,T2) =0, forall a <b,

and since f1(t) is a complete distribution, (12.3) implies that for fixed b > ¢4,
Pry (gb(Tl) = 0) =1, for all a.

But since gp(t1) and f1(t) are continuous in b, this implication must hold for all b > ¢;. This means that
(12.2) implies that for fixed t; between a and b,

b
E [h(tl,Tg) ‘ T1 = tl] = / h(t17t2)fT2\T1:t1 (tg) dtg = O, for all a < b,

t1
with Pri-probability one. Since fr,7,—¢, (t2) is complete this implies that Pr(h(t1,72) =0 | Ty = t1) = 1,
but then
Pr(h(T1,T2) = 0) = Ey Pr(h(T1,T2) =0 | Th) = E4[1] =1,
using the tower property of conditional expectation.
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Ex. 7.2. First the hint. We can write max{z,y} = 1/2(x +y + |z — y[), which can be shown using that
|z] = max{z, —z}. Then

1 1
E max{X? Y?} = 5E(X2 +Y2 X2 -Y?) =1+ 5E |X? - Y72
So we must show that E|X? — Y?| < 24/1 — p2. Using Holder’s inequality (which in this case is the
Cauchy—Schwarz inequality),
EIX?-Y)?=E|X -Y)X+Y))? <EX -Y)’B(X +Y)

=E(X?24+Y?2-2XY)E, (X2 +Y? +2XY)

=4(1 — Cov(X,Y))(1 + Cov(X,Y)) = 4(1 — Cov(X,Y)?) = 4(1 — p?).
[xx latex the remainder of the exercise xx]

Ex. 7.4. A regression model Y; = 2,8+ (;, i = 1,...,n, with fixed x;’s, i.i.d. mean zero (;’s with finite
variance E (; = 02. The least squares estimator minus the true value is

5 2w Y wm@iBtG) 5= i ik
Z:‘L:I Ilz Z:‘L:l 1'12 Z?:l 1'12

Define the random variables
§1ZI1C17 fOI‘i:L...,n7

and we can write
i=1 i=1

The &4, ...,&, are independent, mean zero, with variance

2 2
Var§, = zjo”,

Define B2 by

n n
2 2 2
B, = g Varé,; =0 E Ty,
i=1

i=1
and recall that 62 = max;<, 2?/{> 1, z?} with &, — 0 by assumption. Check the Lindeberg condition.
For any € > 0,

1 — 1 —
T2 2 BE {6l 2 eBu} = 55 Y IEGI{IG] > eBu/ e}
n =1 noi—1

< L SCBECHIG] > co/0n} = (/o)) ECI{|G] > co/6,},
=1

~ B2«
because the (3, ..., (, are i.i.d. the expectation part goes outside the sum. As §,, — 0, the right hand side
tends to zero, and the Lindeberg condition is satisfied. From the central limit theorem we had proved in

lecture 14. November, this means that

n

N1/2/4 _py_ 9 = 4 2
(;xi) (Bn ﬁ)*BnZl&%N(OJ)-
This means that for n large enough,

A~ 0'2

Bn — B =g N(07 )
2oic xzz

which we recognise as the exact distribution of 3, — 8 when the (i, ..., (, are independent N(0,02).
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Ex. 11.7. Data X | 0 ~ f(x | 0), test Hy: 6 = 0y vs. Hy: 6 = 6,1, under the loss function
=0y |60=0,

L(¢,0) = ¢(x)=1| K 0 =Kig(x){0 =0} + K2(1 — ¢(x))I{0 = 01},
where K7 > 0 and Ky > 0 are the losses incurred in the two cases; K is the penalty for a Type I error,
and Ko is the penalty for a Type II error. (a) Our prior on © = {0,601} is 7 = {mp,1 — mp} where
mo = Pr(Hp is true), and we set m1 := 1 — my. Recall from Exercise 10.2 that if 7y < 1, then the Bayes
solution is admissible. The risk function is
R(¢,0) = K1Eg, o(X)I{6 = b0} + K2Eg, {1 — ¢(X)}{0 = 61}
= K18(00)I{0 = 6o} + K2{1 — 5(61)} /{6 = 01},
where §(0) = Eg ¢(X) is the power function. The Bayes risk is
BR(¢,m) = R(¢, 00)m0 + R(9,01)m1,

which is minimised by the minimiser of the posterior expected loss

E{L(¢(x),0 | 2} + K1¢(z)m(0o | 2) + K2{1 — ¢(z)}m(0: | x),

where 7(6p | ) < f(z | Op)mo and 7(01 | ) < f(x | 1)7;. From this we see that the Bayes solution
rejects Hy if Ky7(6p | data) < Kom(0; | data), that is, the Bayes solution is

b () = { L flz]6)m > (K1/Ks) f(x | 6o)mo, _ { L, f(x|61) > Kxf(z|6),
" 0, f(x]61)m < (K1/K2)f(x|0y)mo, 0, f(x]61) < Kf(x]bo),

where
K;my  Type I error penalty

= = Prior Hy odds.
Ky m  Type Il error penalty 7 Hor Ho 0dds

We thus see that the Bayes solution is of the Neyman—Pearson likelihood ratio form. Moreover, K is
increasing in the prior probability ascribed to Hy, as well as in the loss incurred by erroneously rejecting
the null hypothesis. Bigger K; relative to K5, and higher my, both lead to smaller significance levels «
in the frequentist setup. [xx mention Bayes factors here xx].

(b) Suppose X | 0 ~ N(6,1), test Hy: § = 0 vs. = 1/2 with prior my = 1/2. The natural frequentist
test in this case is to reject Hp if X > ®71(1 — ), for a = 0.05 in this case. We are to find K; and Ko
so that the probability of the event

v% exp{—(X — 1/2)2/2} > K”\/% exp{~X2/2},

is a under the null-hypothesis. This is the same event as
X >2log K +1/4.
Set 2log K +1/4 = ®7(1 — «) and solve,

K. = 5 exp(2@~1(1 —a) — 1/2) = 16.28,
Ko
when o = 0.05. Any choice of K; and K> so that it is a little above 16 times as bad to commit a Type
I error than a Type II error will in this case lead to a frequentist test of size 0.05.

(c) We're asked to show that a Bayesian test giving prior weight to both the null- and the alternative
hypothesis is the most powerful of its size. As seen in the previous exercise, the size of the test is
determined by K3, Ky and the prior m = {m,1 —7mo}. In (a) we saw that a Bayes test is of the likelihood
ratio form, so for simple hypotheses this follows directly from the Neyman—Pearson lemma.

Anyways, here is a proof. Recall from Exercise 10.2 that if mp < 1, then the Bayes solution is
admissible. Suppose therefore that ¢(z) is an admissible test (a Bayes test, if you want), and let ¢'(z)
be any other test of the same level, i.e.,

Eg, ¢’ (X) < Eg, (X).

Then, since K1 > 0,
R(¢/a 00) - K1E90¢/(X) S K1E90¢(X) = R(¢a 90)
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But since ¢ is admissible and K5 > 0, we must have that
K2E91 {]‘ - d)(X)} = R(¢791) < R(¢/701) = K2E91 {1 - ¢I(X)}v

which means that Eg, ¢(X) > Eg, ¢'(X). Since ¢’ was an arbitrary test of the same level as ¢, this
shows that any admissible test, and therefore any Bayesian test (with 7y < 1), is the most powerful for
its size. Note that if Eg,¢'(X) < Eg, ¢(X) with strict inequality, then Eq, ¢(X) > Eg, ¢'(X) with strict
inequality, or else ¢ is not admissible. Similarly, if ¢ and ¢’ have the same power, they must be of the
exact same size, or else ¢ is not admissible.

Ex. 11.8. Have Xi,..., X, iid. N(0,0?) with o known. (a) Let L,(6) =[]/, (1/0)¢((z; — 6)/c) be
the likelihood. Then
L (62) _ exp(— 202 oz x; — 02)° )
L, (61) exp(— zg2 Zi:l( Ti— 1)2)
which is increasing in Z,, whenever 63 > 6. This establishes the monotone likelihood ratio property for
the family f(x,0) = (1/0)¢((x; — 0)/c) of normal densities with o known. By Theorem 8.3.17 on p. 391
in Casella and Berger (2002), we have that a test that rejects Hp: 0 < 9, in favour of the alternative

8 > 6y, when X,, > ¢, (for appropriately chosen c,) is a uniformly most powerful level a test. The same
argument gives that the UMP level « test rejects Hy: 6 < 6§y when X,, < b,,. Since X,, ~ N(8,02/n),

a = Pry,(Xp > en) = Pro,(V(Xn — ) /0 = v/n(cn — b0)/0) = 1 = (v/n(cn — 00)/0),

exp{~ 525 (63 — 1)} exp{ "5 (62 — 60)},

so that

o
Cp = %(I)fl(l —a) + by.

By the same procedure, find that b, = (¢/y/n)®!(a) + 6. The power functions are
Biow(0) =1 = &(@7H(1 —a) — (Vn/o)(0 — b)), and Bup(8) = €(27"(a) — (Vn/0)(0 — 60)).
These are both plotted in Figure 3 for 6y = 0, 0 = 1, n = and o = 0.05. (b) For the two sided test we
reject Hy: 0 = 0y in favour of the alternative § # 6y if X,, does not fall in the interval [¢1,t3]. We need
Pro, (X, < tior X, >ty) = ®(\/n(t; — 0p)/0) + 1 — ®(/n(ta — 0y) /o) = a,
from which we see that

th = %@—1(04/2) +0p, and ty= %@—1(1 —a/2) + 6.

The power function of this test is
Brwo (0 (I>{<I> (a/2) — (V/n/o) (0 — 00)} +1- (I>{<I>_1(1 —a/2) — (Vn/o)(0 — 90)}

plotted in Figure § for 0 =0, c =1, n = and o = 0.05.

(c) Since the family of distributions in this exercise has the monotone likelihood ratio property, we
know from Theorem 8.3.17 in the C&B-book that the one sided tests are most powerful for the one-sided
alternatives. So no test can beat the Hy: 8 < 6y Neyman—Pearson test to the right of 6y, and no test
can beat the Hy: 6 > 0y Neyman—Pearson test to the left of y. A two sided UMP-test does therefore
not exist.

(d) A test ¢ is unbiased if its power function does not dip below « for  in the alternative hypothesis
part of the parameter space. That is, if

By(0) >, forall e @y =0\ 06,

then ¢ is unbiased. An unbiased test of Hy: 6 = 6y vs. 6 # 0y must be such that the derivative of its
power function is zero in 6y. Differentiate Siwo,

6£W0(9)=—*¢{‘1> (@/2) = (v/n/o)(0 — 60) } + ¢{<I> —a/2) = (Vn/o)(0 — o)},

evaluated in 6 this is

Blaol0) = ~ L 6{07 (/1)) + o (07 (1 - a/2)} =
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F1GURE 3. Power functions of the one-sided and two-sided tests from Exercise 11.8,
with 6y =0, 0 =1, n =10 and a = 0.05. The grey line is a level a.

because @71 (a/2) = —®~1(1—a/2) and ¢(z) is symmetric about zero. Since Biwo(fo) is the composition
of two Neyman—Pearson tests, 6y is a minimum for 8. That ¢ is uniformly most powerful among the
unbiased tests follows from a theorem presented during lecture 7. November [xx include the proof xx].

Ex. 11.11. The Yy, ...,Y, are independent Poisson(d). (a) The likelihood ratio is
(12.4) L (02)/Lu(61) = (62/61)" e~ =7,

When 65 > 6, this is increasing in the empirical mean Y,,, which means that the family has the monotone
likelihood ratio property. An UMP-test for Hy: § < 1 vs. 6 > 1 is therefore of the type: Reject Hy if Y,
is bigger than some critical value.

(b) By the central limit theorem /n(Y, — 6) —4 N(0,6), so for n large enough, Y,, ~4 N(6,0/n). A
test: Reject Hy if Y, > ¢y, for some ¢, that we get from the normal approximation. Evaluated in 6 = 1,
for n large enough,

Pri(Yn >cn) = 1—@(Vn(c, — 1)) = a,

solve for ¢, to find the critical value
Cn =011 -0a)/vn+1.
The approximate power function of this test is
B(6) = 1— (0 (1 - )/VF — (n/6)"/2(6 - 1)).
If we want our power in # = 2 to be 0.90 when o = 0.05, we need n to be about 12. Solve
(P71 (1—a)/V2 - (n/2)"/?) = 0.1,

for n. By the delta method, we find that g(x) = 2/z is a variance stabilising transformation, this means
that /n(2v/Y, — 2\/@) —4 N(0,1). How does a test of the form: Reject Hy if 21/Y;, > b,, compare to
the test we have already found?

Ex. 11.12. The X;,..., X, are independent normals with variance 1 and means 6y,...,6,. Test Hy

claiming that all the 6; are less than zero vs. the alternative: At least one of them is bigger than zero.
A natural test rejects Hy if at least on X; is bigger than some c,. We want the size of the test to be
a=0.05. In 0 =0,

Pro(at least one X; > ¢,) =1 —Pro(X; <¢p forall i) =1— ®(c,)? = ¢,
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by independence. Solve for ¢,
cp =7 H(1—a)l/P).

For p = 8 and a = 0.05, the critical value is 2.49, which is, not surprisingly, bigger than the 1.64 you get
in the one-dimensional case.

Ex. 11.13. This is a classical example, originally due to Cox (1958), see also the interview Reid (1994).
There is a random variable ¢ taking the values 1 and 2 with equal probability 1/2. Given &, the
measurements X is N(6, 0'2). We are to test Hy: 0 < 6y vs. Ha: 6 > 6y. (a) Consider the following two
tests:

Unconditional test: Reject Hy is X > ¢, where c is chosen so that

Pro, (X > ¢) = Pry, 0, (X > C)Pr(f = 1) + Pro, .0, (X > c)Pr(€ =2)
—6
e - e () -

Conditional test: If £ =1, reject Hy if

X > 0@ 1 —a)+6p;

if £ = 2, reject Hy if
X > O‘QCI)_1<1 — Ot) + 6.

The first unconditional test finds one single critical value ¢, regardless of what measurement device is
being used. In the the conditional test, the critical value is determined by the measurement device that
was actually used to carry out the experiment. Since the random variable £ carries no information about
6, the second test appears more reasonable, I think (and so do all followers of the Likelihood principle,
see p. 294 in C&B, or see the book Berger and Wolpert (1988), or see this popularised text Stoltenberg
(2017) that you can find here (in Norwegian), with an expanded version in English here).

(b) Let 5,(0) and B.(6) be the power functions of the unconditional and the conditional test, respec-
tively. The power functions are

)= 5= (== 4 - e (=),
and
= sli—e@ta-a - ) s - 1-a) - 0]

These two power functions are plotted in Figure 4 for & = 0.05, 0y = 0, 01 = 1 and 03 = 3. Numerically
finding the critical value for the unconditional test with the R-script below yields ¢ = 3.8457.
find_c <- function(cc){
out <- abs( 1/2*%( 1 - pnorm(cc) ) + 1/2*x( 1 - pnorm(cc/3) ) - alpha)

return(out)

}
nlm(find_c,c(2.34))

Despite the intuitive appeal of the conditional test, looking at Figure 4 things are not that clear.
Remember that so far we have judged a test solely on their power functions, and looking at the power
functions we cannot say that the conditional test is better, it does not dominate the unconditional test.

13. PROPOSED SOLUTIONS TO NILS’ EXERCISES

The exercises referred to in this section can be found in Nils’ Lecture Notes and Exercises, version
as of 12/x/14, from when Nils gave the course in 2014. https://www.uio.no/studier/emner/matnat/
math/STK4011/h14/exercises_stk4011la.pdf
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FIGURE 4. The power functions S, and . of Exercise 11.13, for a = 0.05, 6y = 0,
O'liland0'2:3.

13.1. Transformation of random variables. (a) X ~ f(z), and Y = h(X), where h is smooth and
monotone. The density of Y is then

o) = F W) 0 )
To see this,
G(y) =P(Y <y)=P(h(X) <y) = { P P( Xh Ry ))(:)f(:h; _(‘?(}L_l(y))? llff Z 11: iccizzﬁgg

If h is increasing, then the first derivative of h=1(y) is positive, if it is decreasing, then the first derivative
of h=1(y) is negative. We get

_d ) F M) gk (y),  hoincreasing,
Gl = { f(h™ (y))%h Yy), h decreasing,

(b) Let X ~ N(0,1), the density of Y = exp(X) is easily seen to be

o) = \/217@ exp(—(log)?/2),y > 0.
If X ~N(&,02), then

1 ¢ 1 1
g () = 29 (PEL=E) - - Tamon &P (= 552108y = &%)

The easiest way to find its mean, variance, and skewness is by using stuff we already know about the
normal moment generating function. Let Z be a standard normal rv.

EY =EeX =EeZtH = e My(o) = e/t37" .

Var(Y) = Ee?¥ — 2uto’ = 2uto’ (e”2 —-1).
What we are after here is the skewness, which is a measure of asymmetry of a random variable about
its mean. Negative skew: The left tail is longer, so the probability mass is concentrated to the right;
Positive skew: The right tail is longer, so the mass of the distribution is concentrated on the left. Zero

skew means symmetry about the mean. The normal disitrbution has zero skew. With £ = E X and
02 = Var(X), the skew is the third standardised moment,

g
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Compute the third moment of the log-normal,
EY? =Ee¥*397 — exp(3¢ + 202).
Plug the expectation, variance, and the third moment into the formula, and obtain
skew(Y') = (6‘72 + 2)(@"2 -1)¥2
after some tedious algebra.

(¢) U is uniform(0,1). The density of V = U/(1 — U). Introduce h(u) = u/(1 — u), which is monotone

increasing, and has inverse

The density of V is

1
- >
with ¢df G(v) = v/(1 + v). The median of V is the value m satisfying G(m) = 1/2, which is clearly
m = 1. The random variable V' does not, however, have mean. To see this, change of variable x = 1+ v,

/OKvg@)dv_/oKv(Hlv)z dv

K+1 1 1 1
= —— —=)dx=log(K +1 — =1
/1 (7 - ) de=log(K + 1)+ == 1,

which diverges when K — oo.

(d) Let U is uniform(0, 1), and set W = —logU. Using the probability integral transform we see that
W ~ expo(1).

(e) Suppose X is Weibull with cdf
F(r)=1- exp(—(x/a)b), for x > 0.

The distribution of V = (X/a)® is then that of a unit exponential. We can simulate Weibull random
variables X by drawing unit exponentials, then setting X = aV1/°.

13.2. Transformations of random vectors. (a): Prove the formula. (b): X,Y independent unit
exponentials. Set U = X/(X +Y) and V = X +Y. I like to write
h(z,y) = (z/(z +y),z+y) = (wv),  h7(w,0) = (uv,v(1 —u)).
The Jacobian is
v u
J(y) (_U L u> , det J(y) = v(1l —u) +vu =0
The joint density of (U, V) is then
—uv ,—v(l—u) v

g(u,v) =ve e =1xwve ",

which we recognise as the product of the uniform(0,1) and a Gamma(2, 1) density. Hence independent.
Note for the next exercise, a Beta(1,1) rv is uniform(0, 1).

(c): Let X ~ Gamma(a, 1) and Y ~ Gamma(b, 1) independent. We have already done more than half
the job in (b). Set U = X/(X +Y) and V = X + Y, with inverse and Jacobian as above. The joint
density is

1 1
g(u,v) = ') (uv)“fle*“”@[v(l u)]P ey
1
= Wua_l(l — )Pt e (0,1), v > 0.
Integrate out v and get the Beta(a,b) density,
Fla+v) .4 b—1
—u? (1 — 0<u<l.
Mot U~ 0sus
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(d): Let Xy,...,X, be independent Gamma(a;,1), i =1,...,n. We are to find the distribution of the
vector

Xl Xn
Yi,.... Vo) =(—,...,—),
(R ARG
where S = X1 + --- + X,,. Consider the transformation
T Lo
h(.’l?l,...,.’l)nfl,l'n) = (717"'5 178) = (yla"'aynfhv)a
s s
with inverse
A W Une1,0) = (10, Yn10,0(L = Y1 — - = Y1),

The Jacobian of this inverse function is (here shown for the case where n = 4)

v 0 0 0
J(y,v) 8 8 S 8 ) with det J(y) = vt
v —v —v 1

Plug this into the transformation formula,

n

LS|
91, yn—1,v) = { @
1 7

T (0(1 g1 — - = gpy)) eI )

(yiv)aiflefyi'u}

g

_ a;—1 an—1,a14+an—1_—v
= Y 1— — ... - n L1 nTleTV,
T | | A (O Yn—1)

Integrate out v to get the result, that is, use that

/ Uaﬁ_ma"_le_v dv = F(a1 + .. an)-
0

Find the expectation, variance, and covariance of Dirichlet rv’s. Several ways to go about this. The
following is straightforward.

— a I'(a HL jF(ai)F(aj—l) a;
B = /Hz ey Loy ay = e S =

i#j =1

Proceed in the same manner, and do some algebra to find the variance and covariance. Can also show

and use that the marginals are
Y; ~ Beta(aj,a — a;).

13.3. A pair of normals. See Exercise 3.3.

13.4. Ordering exponentials. X;, X5, X3 are independent with distribution funtion F(z) = 1 —
exp(—x), > 0. Order statistics X (1), X (), X(3y. Form

i1=Xq), Yo=Xg-Xay, ¥Ys=Xg -Xg.
The joint pdf of n order statistics is (see Casella and Berger (2002, p.230)),
Fe iy (X1, xn) =nl f(x1) - fan),
for —co < 1 < ...x, < 00, and zero otherwise. Transformation
h(w1, 22, 3) = (1,72 — 1,73 — ¥2) = (Y1, Y2,Y3),

with inverse

R (Y1, 2, y3) = (Y1, y2 + Y1, Y3 + Y2 + Y1),

whose Jacobian is

— = O
— O O
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The determinant of a lower (and of an upper) diagonal matrix is the product of its diagonal elements.
So, det(J) = 1. Let f(xz) = e~ ®, the probability density function of an unit exponential. The joint
density of Y7, Y5, Y3 is then

9(y1,y2,y3) = 3V f(y1) f(y2 +y1) f(ys + y2 4 y1) det(J)
= 3le Vi~ (W2ty1) o= (ysty2+y1) — ge—301 26*27426*1/3,

which is a product of exponentials with means 1/3, 1/2 and 1, respectively. This also shows that Y7, Y5, Y3
are independent. This generalises to X7, ..., X, independent unit exponentials, with order statistics
X(l), . ,X(n), with Y7 = X(1)7Y2 = X(g) — X(l); e Y, = X(n—l) — X(n—2)7}/n—1 = X(n) — X(n—l)a
whose joint density is seen to be

9(Y1, .., Yn) =ne " (n — l)e_("_l)y2 e 2eT 2107 Yn
that is the product of expo(n)expo(n — 1) ---expo(2)expo(1). The random variables
Vi :nYh Vo = (n_l)}/% N ) :2Yn—17 Vn:Yny

are then seen to be scaled so that they are i.i.d. unit exponentials. If X ~ expo(#), then 6X ~ expo(1).
Now, set M,, = max;<, X; = X(5), and note that
Vn—l Vl

ot —
n

My =X@pn)=Va +

Using this representation, the expectation of M, is seen to be the harmonic series

E M, ——gnl——l—i-l—kl—&— logn +
— — — A n
n i:li 273 g 7>

where v = 0.5772... is the Euler constant. By independence and the fact that VarV; = 1,

Var M,, = i %2
i=1

which is close to 72/6 for large n, for lim, oo >+, 1/i*> = 72/6. Find the limit distribution of W,, =
M,, —logn. Since the X;’s are independent,

P(W, <z)=P(X@) <logn+z) = P(all X; <logn+z) = HP(Xi <logn+ x)
i=1
=F(logn+ X)" = (1 —e 8" =)" — (1 —n~le™®)" = exp(—e %),

as n — oo. Here G(x) = exp(—e™?) is the distribution function of the standard Gumbel distribution,
often used to model phenomena in extreme value statistics.

13.5. Ratios of ordered uniforms. [xx latex it xx]

13.6. The multinormal distribution. X = (Xi,...,X})" is multinormal with mean vector ¢ and
variance matrix ¥ (a positive definite k& x k matrix), if its density is

(13.1) fla) = @2m)~*28| 7 2 exp { - %(m - 'Y Nz -¢)}, zeRk

where || = det(X). Write X ~ Ny (&,3). (a) If X ~ Ng(§, %), and A is k x k of full rank (its rows and
columns are independent and it is invertible), and b is a k x 1 vector, then

Y = AX + b ~ Ny (A¢, AT A").

Show this using what we know about transformation of random variables: h(X) = AX +b =Y, so that
h=1(y) = A=1(y —b), where h~! exists because A is of full rank. The Jacobian of h=1(y) is J(y) = A~ 1,
and recall that det(A~!) = det(A4)~!. Then

g(y) = fF(A™ (y —b)|AI,
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is the density of a Ny (A&, AXAY) because the exponent in f(A~1(y — b)) is

A7y =) —'= (AT (y—b) - = (A" ((y—b) — 48)'’ST AT ((y — b) — A¢)
= (y = (AL +b))(ABAY) T (y — (A& +D)).

(b) We are to show that if X ~ N (¢, %), then indeed EX = ¢ and Var X = ¥. To avoid integration
w.r.t. (13.1), we do as follows: Introduce the matrix $'/2 that is such that ¥'/2%1/2 = % and let
Z ~ Ng(0, ), with Ij the k-dim. identity matrix. The Z has density

k

£(2) = (@m) M2 exp{~ 22} = [[ 6(zy),

Jj=1

where ¢(z) = (27r)_1/2e_22/2 is the standards normal density. The density above is easy to integrate,
and clearly, EZ = 0 and Var Z = I;,. Define X = ©%/2Z + ¢, and it follows from (a) that EX = ¢ and
Var X = X.

(¢) From linear algebra, we know that for a given positive definite symmetric k& x k matrix X, there
is an orthonormal matrix P (i.e., PP* = I, P'P), such that PXP' = D, where D is a diagonal matrix
with the eigenvalues A1,...,\; along its diagonal. If X ~ Ng(0,X), then ¥ = PX has independent
components: From (a), Y = PX ~ Ny (0, PLP") = N;(0, D), and D is diagonal, that is Cov(Y;,Y;) =0
for all ¢ # j, while Var(Y;) = A;. Here we use that Cov(Y;,Y;) = 0 implies that ¥; and Y; are independent
when Y; and Y; are normal. This implication does not hold in general (but the other way is always true,
i.e., independence = Cov = 0). From (a) we also see that the components of Y = PX are independent
when X has a non-zero mean.

(d) Show that X is multinormal iff all linear combinations a*X = a3 X; + ---a; Xy are normal.
In particular, a*X ~ N(a'¢,a*3a). Note that in some textbooks this is taken as the definition of a
multinormal random vector. (=): Suppose X ~ Ni(£,%). Set Y = PX, where PP = D. Then
Y ~ Ng(P¢, D), with independent components. For any k X 1 vector a, define b = b, = Pa, and consider
the mgf

t t pt t k Y
Myx(t) =Eel*X =Ee@PY —Eel?Y = E et 25=105
= H Eetbj}/j — H etb.i (Pg)j+%t2b?)‘]‘
j=1 j=1

_ etz;?:lbj(Pﬁ)j+%t2 SE_bIN etbtPg-i-%tzthb _ etatPtPﬁ-i-%tzatPtDPa

—_ etat£+%t2at2a

(<): Suppose X is a random vector such that a*X is normal (a'¢,a*Sa) for all k x 1 vectors a. The
mgf of X ~ Ng(&,X) is

(13.2) MX(U) — EeutX — eutf-‘r%utzu.
We have seen that Mo x (u) = exp{ua‘{ + %uzatza}- So if a* X is normal for all vectors a, then
Mx (u) = Ee' X —EeX = Myix(1) = e“t5+%“t2u»

which show that X is multinormal(§, X).
(e) Aism x k, and X ~ Ng(&,X). Use (13.2) on Y = AX; for any u = (u1,...,unm)",

My(u) — EeutY — EeutAX — Ee(Atu)tX — e(Atu)t§+%(Atu)tE(Atu)

— 6u°A§+%ut(A2At)u7
and we conclude that Y = AX ~ N,,, (A&, AXAY).

13.7. Multinormal conditional distributions. [xx latex it xx]
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13.8. Distribution associated with a normal sample. Suppose X1, ..., X, are i.i.d. standard nor-
mal, and let X, =n='>"  X;, and Z =Y (X; — X,,)%. Write X = (Xq,..., X,,)"%
(a) P is an orthonormal n x n matrix. By Nils Exercise 6(a) (“The multinormal distribution”), we
have that
Y = PX ~ N, (0, PI,,P"),

but PI,,P* = I}, so Y1, ...,Y, are also independent standard normals. Y = PX. Then ||Y|? = EY'Y =
E(PX)'PX =EX'P'PX =EX'X = | X|2.
(b) The n x n matrix P given by
(13.3)
1A 1A 1V NI o
1/V2x1 —-1/V2x1 0 0
1/V/3 %2 1/V/3 %2 —2//3 %2 0
P=1 1,yix3 1/V/Ax3 1/VAx3  —3/JAx3

o O O

1/\/n(.n—1) 1/\/n('n—1) 1/\/nén—1) 1/\/n(.n—1) —(n—l)/;/n(n—l)

is orthonormal. For when we may need it, here is an R-script constructing this matrix.
nn <- 10

PP <- matrix(0,nn,nn)

PP[1,] <- 1/sqrt(an)*rep(l,nn)

for(jj in 2:nn){

PP[jj,1:(jj-1)] <= 1/(sqrt(jj*(jj-1)))

PP[jj,jil <= -(3j - 1)/(sqrt(Gj*(3j-1)))

}

# Check

t (PP) %*%PP ; PPY*)t (PP)

The components of X = (Xi,...,X,,)" still N(0,1). Set Y = PX. From the matrix above
Vi = (PX)1 = X1/ + -+ Xn/Vn = VX,

Moreover,
DSV =Y VP -VP=D Y - nX2 =Y'Y —nX}
i=2 i=1 i=1
= (PX)"(PX)—nX?=X'"P'PX —nX2=X'X —nX?
n n
= ZX,? —nX2 = Z(Xi - X, =z
i=1 i=1
The Y1, ...,Y, are independent N(0,1) by (a). Since Y; = \/nX,,, and Y,...,Y,, are independent of Y7,
the mean X,, must be independent of Z. Z is a sum of n — 1 squared independent standard normals,
hence Z ~ x2_;.
(c) Let X1q,..., X, beiid. N(u,0?). Show that

_ 1 _
fin = Xn, and 62 = Z(Xi - X,

are independent. To show this we could use Basu’s theorem (Casella and Berger, 2002, p. 287), as
in Exercise 6.14. From the previous exercise we know that when Z,...,Z, are independent standard
normals, Z,, and S (Z — Z,)? are independent. Since X; =oZ; +pfori=1,...,n,

/jLn:Xn:UZn"’Ma

and




from which we see that fi,, and 62 are independent. The mean X,, is a linear combination of normals,
so by Nils exercise 6(d) it is normal. By linearity E X,, = y, and by independence Var X,, = o2 /n.
Let P be the big matrix in (13.3), and set Y = PZ. Then

0?2 & 0?2 &
A2 72 2
J”_nflz(zl Zn) _n—lzyl’
i=1 =2
where the Ys, ..., Y, are independent standard normals, and the previous exercise gives that (n—1)52 /o>

is chi-square with n — 1 degrees of freedom.
(d) Show that t = \/n(X,, — it)/é is t-distributed with n — 1 degrees of freedom.

 Xn—py,,(n—1)62 12 N(0,1)
t= o am—) (C_y/(n— 1))/

which is ¢,,_1 distributed.

13.9. Convergence in probability. (a) Suppose that V, 2 a, for a constant a, and let h be a function
that is continuous in a. Then h(V;,) & h(a). Given € > 0, we can find § > 0, such that

lv—al<d = [|h(v)—h(a)] <e.

It follows that
P(|V, —a| <d) < P(Jh(V,,) — h(a)| <e) <1,
and since the left hand side tends to 1 as n — oo, the probability on the right must also tend to 1.

(b) Prove that V,, & V = h(V) & h(V), when h is continuous on the domain of V, i.e., on the set C
that is such that P(V € C) = 1. If h is uniformly continuous on the domain of V', the we could just use
the proof from (a). The hint in Exercise 5.39 Casella and Berger (2002, p. 262) might make one think
that the proof in (a) works for both cases, that is, both for a limiting constant and for a limiting random
variable. That’s not correct, unless h is uniformly continuous.

Here is a proof for a function h that is continuous on C, where P(V € C) = 1. Given € > 0, for each
k>0,

{In(V2) = h(V)| =z e} = {|h(Vn) = h(V)| Z e} 0 {|V] < k} U{[V] > k}.
Since h is continuous, it is uniformly continuous on [—k, k]. So, given € > 0, there is a § > 0 such that
|z —y| < &= |h(z) — h(y)| < e for all x,y € [k, k]. But then

{[h(Va) —R(V)| Z e} n{[VI < k} C {[V, = V| >} n{[V] < k} C {|[Vi, = V| > 6}
Combining this with the equality above yields
{In(V) = h(V)| Z e} C{[Va = V[ = e} U{|V] > k}.

Then

P(|h(Vi) = h(V)| =€) < P(IV, = V[ 2 ) + P([V| > k),
by subadditivity of P. The sequence {|V| > k} tends to the empty set as k increases, so limg_,o P(|V]| >
k) = 0. Therefore, for any given ) > 0, we can choose k so that P(|V| > k) < n. For fixed k, we pick a
e-dependent d > 0, so that

P(|h(Vy) = h(V)| > ¢e) < P(|V,, = V| >6) +n,

where the right hand side tends to n as n — co. Since 1 > 0 was arbitrary, the result follows.
(c) We can copy the proof from (a). Suppose h : RP — R?, and that h is continuous at the point
x € RP. Then, given € > 0, we can find § > 0, such that

le=yllp <o = hlx) = h(y)lly <e

where [lz]|, = (32¢_; 22)*/? is the Euclidian norm. If X,, = (X1,,..., X, )" is a sequence of random
vectors in R? converging in probability to a constant z = (21,4, ...,Zp )" and b : R? — RY is continuous

in z, then, given £ > 0, we can find d > 0, such that

P([[Xn = zllp <6) < P([[M(Xn) = h(2)lq <0) <1,
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and the right hand side tends to 1 and n — oo. Both h(z,y) = 2 + y and h(z,y) = xy are continuous
functions.
[xx perhaps also include the proof thought of in the exercise xx]

13.10. The law of large numbers. X7, X5, ... is a sequence of i.i.d. random variables with E X; = ¢
and Var X; = o2 < 0.

(a) Since the second moment is finite, E X? < oo, we can use Chebyshov’s inequality. For an arbitrary
e >0, ,

(%= €2) € 5B (K- €7 = 5% 0,
as n — oo. Thus, X,, 2 &. The mean is consistent for the expected value.

(b) If you try Chebyshov’s inequality here, you quickly get stuck, because there is no assumption on
the fourth moment of the X;’s. Use instead what we found in Nils exercise 9(a) and (c), i.e. continuous
mapping and that if A, L ¢ and B, 5 b, then A,, + By, & a + b: Since X,, 2 £, continuous mapping
gives X2 % €2, Now, if we can prove that

1 n
13.4 N X2 BEX, =€+ 02
(13.4) n; i 1=¢& +07,

then we can use Nils exercise 9(c) to conclude that
I - 1 & _
- Xl.an2:7 ){'27}(22> 2 2y 2 2.
n;ﬂ( ) n;ﬂ i X2 (@) -C =0

We know that the first moment of X? is finite and equals €2 + o2, but that’s it. We need to dispense
with the second moment assumption on the Law of large numbers to conclude that (13.4) is true.

Theorem 13.1. (WEAK LAW OF LARGE NUMBERS). Suppose X1, Xs,... are i.i.d. random variables
with finite expectation, EX; = &. Then X, RN &.
Proof. Let X be a random variable with E X = ¢ < co. Write

X = XI‘X|S]\/[ + XI|X‘>M.
Then E XIx|>» — 0 by the Monotone convergence theorem. And EXIjx<py — § as M — oo
because ‘EI\X|§M — EX| = |EXI‘X|>M| S E|X|le|>M Moreover, VarXI‘XKM = EXZI|X‘§M —

(EXI'_)QSM)Q < EX2I|X|§M+(EXI\X|SM)2 < 2EX2[|X\§M < 2ME|X| < o, using Jensen’s inequal—
ity. We can write

1 & 1 &
Xn_fzEZXiI\XHgM'i‘ﬁZXiAXibM_f
i1 i=1

1 & 1
== (Xi —Ox,<m + o > (Xi = OIx, ;>0 = An + B,

i=1 i=1
by which we define A,, and B,, (where I drop the dependence on M from the notation). For arbitrary
e>0,
1 2M
P(|An| > e) < —Var X1 xj<m < 5 -E[X],
en = e’n
and the second term,
EXI
< | X|>M ’
€
by Chebyshov’s ineq. and Markov’s ineq., respectively. We have the inclusion
{lAn] + [Bn| = e} C{[An| = ¢/2} U{|Bn| > £/2},
(I find {|A,| < €/2} N{|Bn| < /2} C {|An| + |Bn| < €} easier to immediately accept), so using the
triangle inequality and subadditivity of probability measures
P(|A, + By| > €) < P(|An| + |Ba| > €)

P(|Bn| > €)

SM 2
< P(An| 2 ¢/2) + P(IBal > £/2) < 5 EIX| + ZEXIxpsr
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With an appropriate choice of M and n, the right hand side can be made arbitrarily small. ([l

(c) and (d) Assume that E X3 < co. Write
1< 1<
=—-) X} _-3X,-) X24+4X,

use Theorem 13.1, and what we found in Nils excercise 9(a) and (c). Same thing for &3, as well as for
the generalisation to higher moments.

13.11. Convergence in distribution. Write Cr for the continuity points of F'.
(a) If V;, »4q V, then F,(z) — F(z) for all z € Cp. Here F,,(z) = P(V,, <z) and F(z) = P(V < x).
Then
P(V, € (a,b]) = F,(b) — F,(a) = F(b) — F(a) = P(V € (a,b)]),
provided a,b € Cg.
(b) Let Uy, ..., U, beii.d. uniform on (0,1). Set M, = max;<, U; = U,). The distribution function
of M,, is
F(m)=P(M, <m)= P(Iin<ai(Ui <m)=PU;<m, fori=1,...,n) =m",
by independence of the U;’s. Set V,, = n(1 — M,,),
PV, <v)=P(-M,<v/n—1)=1-P(M, <1—v/n)=1—-(1—v/n)" =-1—e",

for v > 0. Which shows that V,, converges in distribution to a unit exponential.
(c¢) X,, and X are random variables with distributions on the integers 0,1,2, ..., with probabilities
P(X, =j)= fu(j) and P(X = j) = fo(j) for j = 0,1,2,.... We shall prove that X,, —4 X is equivalent

to fn(4) — f(j) for each j.
First, suppose that X,, —4 X, that is F,(j) — F(j) for all j = 0,1,2,.... We are to show that

|fn(G) = f(G)] = 0 for 5 =0,1,2.... Clearly, |f,(0) — f(0)| = |F.(0) — F(0)] — 0. And for any j > 1,
|fn(G) = fFO) = [Fn(i) — Fa(G — 1) = (F(j) — F(j — 1))
<|Fa(j) = FO) + [Fa(i —1) = F(j —1)| = 0.

Now, suppose that |f,(j) — f(4)] — 0 for j = 0,1,2.... For each j we can find n; > 1 such that
|fn(G) = f(G)] < /27 for all n > n;. For any k = 0,1,2,..., we have |P(X, < k) — P(X < k)| <
Z?:o |fn(G) = F)I < Z?:o g/27, for n > max{ny,...,ny}. Hence, X,, —q4 X.

(d) and (e) See solution to Exercise 4.1.

13.12. Convergence of densities. Suppose X,, and X have densities f, and f.
(a) If fo(x) — f(x) for all z, we have X,, —4 X. Write

|fo(@) = f(@)] = falz) = f(z) + 2max{f(z) — fu(z),0}.
Then

Fae) - F@) < [ ) — ) dy < / T ) — f)] dy
< [ T () — ) dy +2 / T max{f() — fa(y),0} dy
=2 [ max{f() - £u(0).0}

because ffooo(fn(y) — f(y))dy = 1 —1 = 0. The function max{f(y) — fn(y),0} < f(y) and f(y) is
integrable, it’s a probability density function. Therefore, we can use the dominated convergence theorem
(in second equality here),

lim |F,(z) — F(z)| = hm 2/ max{ f(y) — fn(y),0}dy

n—oo

:2/_ lim max{f(y) — fn(y),0}dy = 0.

n—00
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This shows that pointwise convergence of densities implies convergence of the cumulatives, hence con-
vergence in distribution.

(b) The same argument as in (a) can be used to show that pointwise convergence of densities implies
Ly convergence, that is [ |f,(y) — f(y)|dy — 0. L; convergence is also equivalent to convergence of
A(P,, P), where

Assume L; convergence of the densities, then
AP, P) = sup|P,(4) = PA)] =sup| [ (5a(0) = 1) ]
Ssup/\fn(y)— Idy—/lfn @) dy 0.
A Ja

by the L; convergence. Assume that A(P,,P) — 0. Define B, = {y: fn(y) > f(y)}. Note that
P,(By) > P(B,) by monotonicity of the integral, i.e., if 0 < h(x) < g(z) for all z € B, then [, h(z)dx <
J 9(x) dz. For any event A,

[t =swlar= [ 1t = @l [ 1) - fldy
— [ )= s+ [ () - ) dy
ANB.,

ANBg
=P, (ANB,)—-P(ANB,)+P(ANB;)—- P,(ANB,)
= |P.(ANBy) — P(AN By)| + [P(AN B) — P,(AN BS)| < 2A(P,, P),

where the monotonicity property is used in the fourth equality. Since this holds for any event A, it must
also hold for the sure event, the sample space.

(¢) The probability density function of the t,,, the Student’s ¢-distribution with m degrees of freedom is

_Dlm+1)/2) (| 2%\ —~mt1)/2
In(@) = ) O ) -

Stirlings’s approximation for the gamma function is

() = ﬁz e

Using this, and rearranging,

L((m+1)/2) = m )1/2(m+1)1/2(
vmzl'(m/2) m+1 2m

1 m/2 —1/2 1
) e - (2m)1/2’

as m — oo, where we have used that (1 -+ 1/m)™/2 — ¢'/2. The second factor is
2 2

(m+1)/2 T\ —m/2 o\ —1/2 —a?)2
1 14+ — 14+ —
(1+ ) =(1+ m> 1+ m) —e ,

as m — co. Putting this together fy,(z) — e~ /2/\/2x for each z, and by (a) we have convergence in
distribution of a sequence of t,, random variables to a standard normal. One lesson of this story is the

following: If you have independent normal data X, ..., X,, and want to test things using the statistic
VX, — )
On ’

which is distributed ¢,,_1 (see Nils exercise 8(d)), then it’s okay to treat this statistic as standard normal
provided n is big enough. The same goes for the regression setting, etc.

(d) This is an exercise in the oblig.
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13.13. The Portmanteau theorem for convergence in distribution. Here is the statement of the
theorem given in Nils’ exercise set.

Theorem 13.2. (PORTMANTEAU THEOREM). X,, and X are random variables with probability measures
P,(A) = P(X, € A) and P(A) = P(X € A), and distribution functions F,(z) = P,(—o0,x] and
F(z) = P(—o0,x]. The following statements are equivalent.

(i) Xy, =4 X, i.e., Fp(x) = F(x) for all continuity points of F.

(ii) liminf, P,(O) > P(O) for all open sets O.
(iii) lim supn P,(C) < P(C) for all closed sets C.
(iv) lim, P,(A) = P(A) for all sets A whose boundary OA = A\ A° has P(0A) = 0.
(v) Eh(X,) = ER(X) for all continuous and bounded functions h : R — R.

Proof. (i)=-(ii) Use that every non-empty open set in R is a disjoint union of open intervals (a;, b;).
For and open set O = UiI}, with I, = (ax,br), ar < by, choose I, = (a},,b,] C I such that aj b} are
continuity points of F' and P(I}) < P(I}) 4+ £/2¥, for an arbitrary ¢ > 0. In Exercise 2.5 we saw that
there are only countably many discontinuity points, so there is no problem finding such subintervals.

Since the I, I5, ... interval are disjoint
=Y P(I;) 2> Pu(I}).
k 2

Fatou’s lemma (i.e, liminf, [ f,dp > [liminf, f,du), our condition on the Ij intervals, and assuming
(i), give
lim inf P, (0) > lim ianPn(I,;) > th inf P, (I})

_thlnf{F (b)) — Fn(aj }—Z{F (0%) — F(ay)}
:prk Z{Pfk ) —¢/2'} = P(0) -

Since € > 0 was arbitrary, (i) is seen to imply (ii).
(if)=-(iii) If C is closed, then its complement C° is open. By (ii)
limsup P, (C) = limsup{l — P,(C°)} =1 — liminf P,,(C°) <1 - P(C¢) = P(C).
n n n

This also gives (iii)=-(ii), since the complement of an open set is closed.

(iii)=(iv) The boundary 9A of a set A is A = A\ A°, where A is the closure of A, which is always
closed, and A is the interior of A, which is always open. Moreover, A° C A, and A C A. Also, if A is
closed A° = A, and if A is open,

P(A) = P(A°U0A) = P(A°) + P(0A) = P(A),
since A° and 0A are disjoint, and P(0A) = 0 by assumption. Then

limsup P, (A) < limsup P, (A) < P(A) = P(4),
and

limninf P.(A4) > limnsup P,(A°) < P(A°) = P(A),
so lim,, P,(A) = P(A) for all set A whose boundary have P-probability zero.

(iv)=(v). Let a < f(z) < b be a continuous and bounded function. Define

) = D=,

so that 0 < h(z) < 1. We can write (make a drawing)

1
) = [ 1y < i)y,
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Then

Alh(d?)dp(l‘):/Ol/olf{ygh(x)}dydp(x)
//I{y<h )} dP(x :/01]3 Wy,

by Fubini’s theorem. We can therefore write Eh(X,,) = f P(h(X,) > y)dy = fo (A,)dy and

= fol P(h(X) > y)dy = fo y)dy, where A, = {z: h(z) > y}. If we can show that
P,(Ay) — P(A,) for all contmulty pomts of P( (X) < ) then since 0 < P,(A,) < 1, the bounded
convergence theorem gives Eh(X fo y)dy — fo y)dy = ER(X). Since h is continuous
0A, C {z: h(z) = y}, and also P({x h(z ) = y}) > 0, for at most countably many y, because h is
continuous. This means that P(0A,) = 0 for all y € [0,1], except for at, at most, countably many

points. By (iv), this gives P,(A,) — P(4,).

(v)=(i). For a given y, consider the functions that for some ¢ > 0 are given by

1, r<y—c¢, 1, z <y,
hl,a(x) = ygwa y—¢€ S Y S Y, and h2,5(x) = W%aja Yy S €T S y+€7
0, z2>y. 0, r>y+e.

Both these functions are continuous and bounded by one, so that (v) applies. Note that

hie(z) < I{z <y} < hg(z), forallz.

Then

liminf F,,(y) > liminf E h; .(X,,) = Ehy (X),
and

limsup F,,(y) < limsup E hy (X)) = Eho . (X),
so that

Ehy o(X) <liminf F,,(y) <limsup F,(y) < Ehs (X).
n n

Since both h;. and hs. are bounded by one and integrable, dominated convergence ensures that
Ehy o(X) and E hy (X) both converge to F'(y) when ¢ — 0. O

13.14. The continuity theorem. [xx latex it xx]
13.15. Slutsky—Cramér rule. [xx latex it xx]

13.16. The Central Limit Theorem. [xx latex it xx]
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